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Abstract
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Doctor of Physical Sciences

Aspects of Lorentz and CPT Violation in Cosmology

by Nils Albin NILSSON

The breaking of Lorentz symmetry can give rise to a wealth of observational con-

sequences. The main topic of this thesis is to explore models of gravitation and

cosmology with Lorentz symmetry violation (closely linked to Charge-Parity-Time

(CPT) violation). Five Lorentz-violating models or frameworks are outlined in this

thesis, and three of these are subsequently chosen and studied in the following chap-

ters. Doubly General Relativity breaks Lorentz symmetry through a modification of

the dispersion relation of particles. This is combined with the kinematic modified

dispersion relations common in phenomenological studies of Lorentz violation with

high-energy gamma rays. By applying a large cosmological dataset to the result-

ing model, it is found that the lower limit on the energy scale of Lorentz violation is

ELV ∼ 1016 GeV (1σ). Hořava-Lifshitz gravity is a possibly UV-complete quantum-

gravity theory candidate. By again applying a large updated cosmological dataset

new constraints on the cosmological parameters are found. In particular, the curva-

ture density parameter Ωk found to be non-zero (−3.30± 0.20)× 10−3 (1σ). More-

over, this model is discussed in context of the Hubble parameter tension, through

which the Hořava-Lifshitz coupling parameter λis given new contraints. It is found

that Lorentz violation can contribute up to 38% of the Hubble tension. The Standard-

Model Extension is a general, theory-agnostic framework for testing Lorentz and

CPT violation. Here, the Hamiltonian formulation of the Standard-Model Extension

gravitational sector is presented.

HTTP://WWW.NCBJ.GOV.PL
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Polski:
Łamanie symetrii Lorentza może prowadzić do wielu konsekwencji obserwacyjnych.

Głównym tematem rozprawy jest zbadanie modeli grawitacyjnych i kosmologicznych,

w których zachodzi scenariusz naruszenia tej symetrii (blisko spokrewnione ze zła-

maniem symetrii CPT – Ładunku, Parzystości, Czasu). W pracy opisano pięć różnych

modeli ze scenariuszem łamania symetrii Lorentza, z czego trzy są wybrane do dal-

szej analizy w kolejnych rozdziałach. Podwójna Ogólna Teoria Względności (Dou-

bly General Relativity) łamie symetrię Lorentza poprzez modyfikację relacji dysper-

syjnych cząstek. Powyższy model jest połączony z kinematycznie zmodyfikowanymi

relacjami dyspersyjnymi powszechnymi w badaniach fenomenologicznych łamania

symetrii Lorentza za pomocą wysokoenergetycznych promieni gamma. Porównu-

jąc uzyskany model z szerokim zestawem danych kosmologicznych stwierdzono,

że dolna granica skali energii łamiącej symetrię Lorentza wynosi ELV ∼ 1016GeV

(1σ). Teoria grawitacji Hořavy-Lifszyca jest potencjalnym kandydatem na kom-

pletną w ultrafiolecie teorię kwantowej grawitacji. Ponownie, poprzez zastosowanie

wielkich zestawów danych kosmologicznych do tego modelu, udało się wyznaczyć

nowe ograniczenia na wartości jego parametrów kosmologicznych. W szczegól-

ności stwierdzono, że krzywizna przestrzeni jest niezerowa (−3, 30± 0, 20)× 10−3

(1σ). Co więcej, model ten jest omawiany w kontekście rozbieżności dotyczących

parametru Hubble’a (Hubble parameter tension), w wyniku czego otrzymuje się

nowe ograniczenia na wartość parametru λ w teorii Hořavy-Lifszyca. Stwierdzono,

że scenariusz łamania symetrii Lorentza może przyczynić się w 38% do rozwiąza-

nia problemu rozbieżności parametru Hubble’a. Rozszerzony Model Standardowy

jest ogólną, efektywną teorią pola mogącą posłużyć do testowania scenariuszy ła-

mania symetrii Lorentza. W rozprawie, zaprezentowane jest Hamiltonowskie sfor-

mułowanie sektora grawitacyjnego dla Rozszerzonego Modelu Standardowego.
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Svenska:
Lorentzbrott kan ge upphov till mängder av observerbara konsekvenser. Denna

avhandlings huvudtema är att utforska gravitations- och kosmologimodeller som

inkluderar Lorentzbrott (kopplat till Laddning-Paritet-Tidbrott (CPT)). Fem Lorentzbry-

tande modeller och ramverk skissas i början av denna avhandling och tre av dessa

väljs sedermera ut och studeras i efterföljande kapitel. Dubbelt Allmän Relativitet-

steori (Doubly General Relativity) bryter Lorentzsymmetri genom att modifiera dis-

persionsrelationen för partiklar. Detta kombineras med de kinematiskt modifierade

dispersionsrelationerna som är vanliga i fenomenologiska studier av högenergifo-

toner. Genom att applicera ett stort kosmologiskt dataset på den resulterande kos-

mologiska modellen bestämdes det lägre värdet för den karakteristiska energiskalan

för Lorentzbrott till ELV ∼ 1016 GeV (1σ). Hořava-Lifshitzgravitation är en möjli-

gen UV-komplett kvantgravitationskandidat. Genom att återigen applicera ett stort

uppdaterat kosmologiskt dataset bestäms nya värden på de kosmologiska parame-

trarna. I synnerhet kan den spatiala kurvaturen bestämmas till (−3.30 ± 0.20) ×

10−3 (1σ). Hubblespänningen (Hubble tension) diskuteras också inom denna mod-

ell som en effekt av föredragna referensramar (preferred-frame effects), och värden

på Hořava-Lifshitzparametrar bestäms från Hubblespänningsdata. Det fastställs

också att Lorentzbrott kan bidra med upp till 38% av Hubblespänningen. Stan-

dardmodellutvidgningen (Standard-Model Extension) är ett allmännt ramverk för

att parametrisera och testa Lorentz- och CPT-brott. Här härleds och presenteras

Hamiltonformuleringen av Standardmodellutvidgningens gravitationssektor.
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SYMMETRY is reassuring. It gives us the impression of predictability and control.

It seems that humans are hardwired to spot symmetries in our surroundings. It

is then fortunate that modern physics is built on symmetries and their consequenses.

At first glance this is less than intuitive, as the natural world around us appears to

contain very little symmetry. A straight line or perfect circle would certainly stand

out in a forest or desert. However, when we look closer we can see symmetric struc-

tures, such as pentagonal flower petals and hexagonal honeycombs in beehives. In

fact, the closer we look, the purer the summetries seem to become, and when we

study the fundamental physical processes which govern the physical world, we re-

alise that everything is built on symmetries.

In mankind’s present understanding of nature, there are two distinct regimes,

one governed by quantum field theory and one by general relativity. Quantum field

theory describes all fundamental interactions except gravity with remarkable ac-

curacy and has been successfully used to construct the Standard Model of particle

physics. General relativity, on the other hand, describes gravity and is important

on very large scales and very large masses, such as stars, galaxies, black holes, and

the like. Both of these theories claim to be universally valid, but when scaling out

from the very small to the very large, there comes a point where we have to switch

theories. Moreover, there are regions and regimes where classical General Relativity

simply is not predictive, such as the initial and black hole singularity. Therefore,

for the past few decades, physicists have been searching for a theory of Quantum

Gravity, to either unify or replace these two highly successful descriptions of nature.

However, when trying to formulate a theory of Quantum Gravity one encounters

several types of obstacles, such as renormalisability in gravity [1, 2], loss of unitar-

ity [3, 4], and the problem of time [5–7]. One can also see the need for Quantum

Gravity from a reductionist point of view which permeates modern physics.

As any theory of Quantum Gravity has to encompass General Relativity (with

characteristic constant G), quantum mechanics (with characteristic constant h̄), and

special relativity (with characteristic constant c), this theory should reasonably con-

tain the fundamental constants of these three paradigms; (G, h̄, and c). As such, by

dimensional analysis we can construct a characteristic energy scale for such a the-

ory, the Planck energy: EPl =
√

h̄c5/G. This energy scale is around 1019 GeV, so any
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signals of quantum gravity will most likely be found in phenomena involving high

energies, short length scales, and strong gravity. As can be seen from the Bronstein-

Zelmanov-Okun cube in Figure 1.1, standard classical mechanics can be obtained

from quantum mechanics if we let Planck’s constant h̄ go to 0 or from special relativ-

ity if we let the speed of light c go to infinity. In this figure, efforts to obtain informa-

tion about quantum gravity can be thought of as the red arrows. These paradigms

can also be characterised by the dimensionless fine-structure and gravitational con-

stant, which give a measure of the strength of the interactions. The fine-structure

constant, α = e2/4πε0h̄c ≈ 1/137, is much larger than the gravitational constant,

αG = Gm2
e /h̄c ≈ 10−44. Since the Planck scale (∼ 1019 GeV) can reasonably be

thought of as the characteristic energy scale of Quantum Gravity it may seem un-

likely that this ever could fall within the observationally accessible regime for any

experiment. However, it has been realised, through the study of gravity models

beyond General Relativity and several models of Quantum Gravity that there may

exist several low energy trickle-down signatures from high-energy Quantum Grav-

ity effects which may be visible in either the gravitational or particle physics regime.

For example, some of these effects may be imprints on primordial perturbations [8],

spacetime variation of coupling constants [9, 10], TeV black holes from the existence

of extra dimensions [11], violation of spacetime and/or discrete symmetries [12], to

name a few. In this thesis I will focus on possible deviations or modifications of

Lorentz symmetry, a cornerstone spacetime symmetry which permeates all of rel-

ativity and particle physics and thus offers rich phenomenology in several sectors.

Lorentz symmetry violation is a large, active field of research, with big efforts being

put forth both in theory and experiment. Detecting any sign of Lorentz violation

would be a clear signal of new physics with large implications. Possible observable

effects include i) sidereal variations of coupling constants as the Earth moves with

respect to a fixed background field [13], ii) canonically forbidden reactions, such

as vacuum Cherenkov radiation and photon decay [14, 15], iii) propagation effects,

such as birefringence of gravitational-wave polarisations [16, 17], iv) modified re-

action thresholds, for example photon extinction from active galactic nuclei [18], to

name a few examples.

Another symmetry which is intimately tied to Lorentz symmetry is that of CPT
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symmetry, which is, as far as we know, a fundamental property of nature. It is de-

fined as the invariance of physical laws under simultaneous reversal of Charge, Par-

ity, and Time. The CPT theorem [19] states that any unitary, Lorentz invariant local

quantum field theory described by a hermitian Hamiltonian must be CPT invariant.

As such, there is a one-way implication between Lorentz and CPT symmetry; A de-

tection of CPT violation implies that Lorentz symmetry is also broken [20]. At the

same time, if Lorentz symmetry is broken, the CPT theorem does not hold, and CPT

symmetry must be imposed as an extra constraint if we wish to keep it. As a result,

CPT violation has received a lot of attention in particle physics, such as the neutral

kaon system [21, 22], as well as in high-energy astroparticle physics. In recent years,

this notion has received a lot of attention, which is mainly motivated by the intro-

duction of theoretical models which allow or explicitly contain Lorentz (and CPT)

violation. The publications which make up the bulk of this thesis focus on Lorentz

rather than CPT violation, since Lorentz violation phenomenology is more accessi-

ble to gravity and cosmology; however, because of the tight link between the two,

CPT violation has been discussed wherever appropriate.

1
c

Special
Relativity h̄

Quantum Mechanics

G

Newtonian Gravity

QFT

Quantum
Gravity

General

Relativity

Non-relativistic
Quantum
Gravity

FIGURE 1.1: A Bronstein-Zelmanov-Okun cube depicting relations
between physical theories with their respective fundamental con-
stants. The (red) arrows represent Effective Field Theory approaches

to probe quantum-gravity effects.
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1.1 Research Aims and Scope

The overarching aim of this research was to gain a better understanding of Lorentz

and CPT symmetry in gravitation and cosmology. In particular, the goal was to

find constraints on the possible breaking of Lorentz symmetry in regions of strong

gravity. This is motivated by the fact that Lorentz violation is an expected signal

of quantum gravity. Moreover, it is clear that any deviation from perfect Lorentz

symmetry would be a clear sign of new physics. The work in this thesis makes no

attempt to provide a fundamental theory (which would be a Herculean task) but

rather focuses on exploring and contraining the possible phenomenological conse-

quences of Lorentz violation and its possible impact on cosmological evolution and

gravitational phenomena.

The different pieces of research in this thesis can be roughly divided into three

parts; Modified Dispersion Relations, Ultraviolet Completions of Gravity, and Effec-

tive Field Theory, as different approaches to studying Lorentz violation.

Modified Dispersion Relations is a purely phenomenological approach, where it is as-

sumed that high-energy particles (usually photons) interact with a quantum space-

time (for example, the quantum foam [23, 24]) which perturbs its dispersion rela-

tion. This can lead to frequency-dependent photon masses, birefringence, and the

like. These types of models offer rich phenomenology and can be readily tested. In

this thesis a modified dispersion relation model has been combined with Doubly

General Relativity to provide limits on the energy scale at which Lorentz-violating

effects become strong. Through the CPT theorem, this energy scale is also where

departures from CPT symmetry might manifest [25].

Ultraviolet Completions of Gravity are models of gravity where the ultraviolet behaviour

has been altered. The model under study in this thesis is Hořava-Lifshitz gravity,

where Lorentz invariance is explicitly broken in the ultraviolet regime, which ren-

ders the theory perturbatively renormalisable. As such, Hořava-Lifshitz gravity is a

quantum-gravity candidate. In this thesis, this model has been explored on a phe-

nomenological level. New limits on cosmological parameters have been provided,

and Lorentz violation has been discussed as one source of the Hubble tension.

Effective Field Theory is a general way to study Lorentz and CPT violation. In this
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thesis the focus has been on the effective field theory known as the Standard-Model

Extension, which contains all the sectors of the Standard Model (as well as grav-

ity) along with every observer-covariant and gauge invariant operators, both CPT

odd and even. In the gravitational sector, the linearised limit has been thoroughly

studied to date. In this thesis, the first steps towards writing the gravitational sector

of the Standard-Model Extension in its 3+1 decomposed form are taken. This will

eventually allow for the Standard-Model Extension to be included in fully non-linear

numerical relativity and compact binary merger simulations.

1.2 Linkage of Scientific Papers

The main body of research presented in Chapters 3-6 has been published in peer-

reviewed journals, as conference proceedings, or are published on arXiv. These

pieces of work have been reproduced more or less verbatim here and put into a

larger context by the introductory material. Out of these contributions, Two are

peer-reviewed publications [26, 27], one is a manuscript available on arXiv (and

submitted to a journal) [28] and one is a set of conference proceedings [29]. The au-

thor also has three manuscripts currently under development [231, 238]. The other

manuscript in preparation lies outside of the scope of thesis.

These papers and manuscripts all discuss Lorentz violation, albeit focusing on

different aspects, from pure phenomenology (Modified dispersion relations), to a

specific model exhibiting ultraviolet Lorentz violation (Hořava-Lifshitz gravity), as

well as a general effective field theory for parametrising deviations from Lorentz

symmetry (the Standard-Model Extension).
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2
The Role of Lorentz and CPT

Symmetry in Modern Physics
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THE combination of General Relativity and the Standard Model of particle physics

makes up our most accurate description of Nature currently. General relativity

describes gravitation at the classical level, whereas the Standard Model describes the

interactions of elementary particles and forces at the quantum level. This quantum

description is based on global Lorentz symmetry in flat spacetime, the symmetry

under the three rotations and three boosts which make up the set of generators of

the Lorentz group. These are spacetime symmetries, as they transform the phys-

ical space. In General Relativity it is reduced to local Lorentz symmetry, since at

every point in spacetime we may define a locally freely falling Lorentz frame where

Lorentz symmetry is preserved. As such, Lorentz symmetry is one of the fundamen-

tal principles of modern physics and offers ample phenomenological opportunities

for testing its validity in several sectors. Another closely related symmetry is CPT;

Charge conjugation, Parity inversion, and Time reversal. These are discrete symme-

tries, related to Lorentz symmetry (which is continuous) though the CPT theorem,

which states that any local, Lorentz invariant quantum field theory with a Hermi-

tian Hamiltonian must be CPT invariant in flat space [30]. The converse (and par-

ticularly interesting for the purposes of this thesis) was proved in [20] (see [31–34]

for the ensuing discussion) and states that an interacting theory which violates CPT

also violates Lorentz symmetry.

2.1 Explicit versus Spontaneous Lorentz Symmetry Breaking

There are, in general, two different mechanisms through which to break symmetries

in field theory, dubbed explicit and spontaneous symmetry breaking. Since we are in-

terested in Lorentz violation, the symmetry we will choose to break will be Lorentz

symmetry). Explicit Lorentz violation is signalled by the existence of a fixed back-

ground tensor k̄χ put “by hand“ into the Lagrangian of the theory [12, 35]. These

fixed tensors do not transform under the Lorentz group; therefore, Lorentz sym-

metry is broken on the level of the Lagranian L. On the other hand, spontaneous

Lorentz violation arises as a Lorentz-violating solution to the otherwise Lorentz in-

variant theory when a dynamical field acquires a vacuum expectation value k̄χ =

〈kχ〉 [12, 35–39]. It is possible to move from spontaneous to explicit breaking through
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a coarse-graining procedure in which a Lorentz-violating solution to the Euler-Lagrange

equations is found, and then plugged in to the original action, which then acquires

explicit Lorentz violation. We may write that

L [kχ] (Lorentz invariant), L
[
k̄χ

]
(Lorentz-violating). (2.1)

In the Standard Model, spontaneous breaking of the SU(2)×U(1) electroweak

symmetry, which fills spacetime with a scalar condensate, this being the vacuum ex-

pectation value of the Higgs field. In general, spontaneous breaking of a local gauge

symmetry yields massive gauge bosons (such as the W± and Z0), whereas break-

ing a global one generates massless Nambu-Goldstone modes [35]. If we consider

Minkowski space, then explicit and spontaneous Lorentz symmetry are equivalent,

but when moving to curved spacetimes explicit symmetry breaking generally leads

to inconsistencies with energy-momentum conservation and the Bianchi identities,

which is the main reason why this approach is usually avoided in the gravity sector.

Theories with explicit symmetry breaking are usually regarded as less aesthetically

pleasing, as they contain prior geometry (see also Section 2.3); however, theories

such as Hořava-Lifshitz gravity (see Section 2.4.2 and Chapters 4, 5) incorporate

prior geometry in the form of a preferred foliation of spacetime. Indeed, if we wish

to write down a gravity theory with explicit Lorentz violation we will be faced with

solutions incompatible with Riemannian geometry, or having to impose extra con-

straint equations in order to satisfy∇µTµν = 0 in a rather contrived way. The reason

for this incompatibility lies in the structure of the gravitational bundle of frames,

where the geometry satisfies∇µGµν = 0, and substitution of the equations of motion

(Einstein equations) leads to the Bianchi identities ∇µTµν = 0. Other sectors have

a different base geometry. In QED, which is based on a principal U(1) fiber bundle

on a static background spacetime, the bundle geometry is determined through the

equations of motion ∂µFµν = jν, where the electromagnetic field strength tensor Fµν

is the curvature of the bundle, satisfying ∂[λFµν] = 0. Because Fµν is antisymmetric

we may immediately deduce that ∂ν jν = 0, but we can not find this conservation

equation by substituting the equations of motion into the Bianchi identities as in

gravity, and matter and geometry are not coupled in the same way; therefore we
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may have explicit breaking in non-gravitational scenarios without any issues [12,

35–39]. It should also be mentioned that the breaking of Lorentz symmetry violates

one of the conditions for the CPT theorem. In simple scenarios one can encounter

minimally suppressed Lorentz (and thus CPT) violation, in which case the order of

violation can be said to be O
(
E2/MPl

)
, where E is some typical energy probe. In

this case, any constraint on the energy scale of Lorentz violation is also a constraint on CPT

violation.

2.2 CPT Symmetry in an Expanding Universe

The brief introduction to CPT symmetry at the beginning of this chapter assumed

Minkowski space; however, when gravity is added CPT symmetry may be violated

due to possible problems with unitarity around singular backgrounds and horizons.

Indeed, Hawking radiation from black holes may lead to loss of unitarity, leading to

CPT violation [25]. When the black hole has been sufficently reduced in size it will

be perceived as background perturbations to asymptotic observers, who will then

trace out this information, it being captured behind the horizons. So an asymptotic

out state will be built from density matrices

ρ = Tr| 〉〈 |, (2.2)

which inevitably leads to loss of unitarity as the system evolves from a pure to a

mixed state, and also makes it impossible to properly define an S-matrix, and the

strong CPT theorem cannot hold [40].

For several decades, the consensus has been that the expansion of the Universe

is accelerating, which is substantiated by many probes, such as the local distance

ladder, Cepheid-type stars, TRGB data (Tip of the Red Giant Branch), and others [41–

45]. If the Universe is truly of Friedmann-Lemaitre-Robertson-Walker plus a positive

cosmological constant Λ > 0, the Universe will eventually enter a de Sitter phase,

when all other energy density contributions have decayed sufficently, and the scale

factor will read

a(t)|t→∞ = e
√

Λ/3t. (2.3)
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At this point there will exist an event horizon, beyond which an observer at the

origin can never see. The coordinate size of this region is

η(t) =
∫ ∞

t

dt′

a (t′)
, (2.4)

whereas its physical size is `dS = a(t)η(t) =
√

3/Λ = H−1
dS . Information behind

the horizon is hidden from the observer, which just like for the evaporating black

hole makes it impossible to define asymptotic out states, and CPT invariance is ex-

pected to be broken [40]. It is worth mentioning that there is an ongoing discussion

about whether the Universe actually is accelerating. In [46], the authors analyse

the lightcurves of Type Ia supernovae, and find only “marginal“ evidence for cos-

mic acceleration. This has sparked an extensive debate (see e.g. [47–51]), and the

matter seems far from settled. Here we assume that the Universe is dominated by

a cosmological-constant type dark energy, which will eventually [25] lead to CPT

violation in the Universe.

2.3 General Properties of Models with Lorentz Violation

In order to introduce Lorentz violation to General Relativity, it is necessary to add

new tensor fields which break Lorentz symmetry; however, it is still desirable to

keep as many properties of General Relativity as possible, in particular:

i) general covariance,

ii) the Equivalence Principle,

iii) the absence of prior geometry.

A Lorentz-violating gravity model will in general exhibit modifications of one or

more of those three properties. It is generally accepted that observer invariance

needs to hold, as physics should not depend on the orientation or location of the ob-

server. The equivalence principle is in general altered, as in a Lorentz-violating the-

ory, particle worldlines are species-dependent and not fully determined by the mass;
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however, the equivalence principle is broken even when worldlines are species-

independent. Consider a modified dispersion relation of the form [52]:

E2 = m2 + p2 +
f?

EPl
|p|4, (2.5)

where f? does not depend on the particle species. The corresponding Hamiltonian

for a non-relativistic particle in a weak gravitational field is:

H = m +
p2

2m
+ f?

p4

2mEPl
+ mφ(x), (2.6)

which through Hamilton’s equations leads to a mass-dependent acceleration:

ẍi = −
∂φ

∂xi

(
1 + 6 f?

m2 ẋi · ẋi

EPl

)
. (2.7)

which means that the equivalence principle is broken in such a model, and tests

of the equivalence principle are able to put stringent constraints on Lorentz viola-

tion [53–55]. The lack of prior geometry in general relativity causes problems when

breaking Lorentz invariance explicitly, leading to conflicts with the Bianchi identi-

ties, as discussed in Section 2.1. In general, the only option for obtaining a consistent

theory is to introduce constraint equations by hand, forcing adherence to the Bianchi

identities.

2.4 Common Lorentz-Violating Models and Frameworks

2.4.1 Doubly General Relativity

In recent years, the Rainbow Gravity framework [56] has been given a lot of atten-

tion. [57–71]. This is a phenomenological approach based on Doubly Special Rela-

tivity (DSR), where the spacetime metric includes energy-dependent functions, and

hence describes [72, 73] universes which evolve depending on the energy of the

probe particle. With the correct choice of energy dependence, problems such as sin-

gularities may be avoided in Rainbow Gravity [58]. Exploring semiclassical or phe-

nomenological theories of quantum gravity is of vital importance to understanding
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the low-energy quantum gravitational regime and to reaching an understanding of

the underlying fundamental framework.

The key idea of Rainbow Gravity is the modification of the spacetime metric

to include energy dependent functions f1(E) and f2(E) [56], leading to a modified

dispersion relation for relativistic particles of the form:

− E2 f 2
1 (E) + p2 f 2

2 (E) = m2
0, (2.8)

and position-space invariant of the form:

ds2 = − (dx0)2

f 2
1 (E)

+
(dxi)2

f 2
2 (E)

. (2.9)

where m0 is the rest mass of the particle. x0 and xi are the time and space coordinates,

respectively. These functions are introduced by deforming the Lorentz group to

include the Planck energy as a second invariant, using the formalism developed

in Doubly Special Relativity (DSR) [56, 72, 73]. By introducing the dilatation D =

pµ(∂/∂pµ), which preserves rotations but modifies boosts, the boost generators are

deformed as follows:

Ki ≡ Li
0 + lp piD ⇒ Ki = U−1Li

0U, (2.10)

where lp is the Planck length and Li
0 are the conventional generators of the Lorentz

group, Lµν = pµ(∂/∂pν)− pν(∂/∂pµ) [72]. U is a non-linear momentum map. U in

momentum space becomes:

Uµ(E, pi) = (U0, Ui) = (E f1, pi f2) . (2.11)

By demanding plane-wave solutions to free field theories, pµxµ = p0x0 + pixi, the

momentum map in position space is given by:

Uα(x) =
(

U0, Ui
)
=

(
t
f1

,
xi

f2

)
, (2.12)

which leads to the position space invariant (and hence the metric):
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s2 = ηαβUα(x)Uβ(x) = − t2

f 2
1
+

(xi)2

f 2
2
⇒ gαβ(E) = diag

(
− f−2

1 , f−2
2 , f−2

2 , f−2
2
)

,

(2.13)

where ηαβ are the components of the Minkowski metric. In order to satisfy the cor-

respondence principle, it is necessary to introduce a constraint on f1 and f2, namely

lim
E→0

fk = 1, k = 1, 2 ⇒ lim
E→0

gµν(E) = ηµν, (2.14)

which restores Minkowski space in the low-energy limit [56]. In DSR, invariants

of the modified Lorentz group are accompanied by a singularity in the momentum

map U [72]. But in standard special relativity, the only energy invariant is the infinite

one. Hence, to introduce a new invariant in the theory, the following relations must

be fullfilled:

U(Ẽ) = Ẽ f1(Ẽ) = ∞, (2.15)

where Ẽ is some new invariant energy scale. This constraint, however, is not used

by all authors; phenomenologically motivated rainbow functions f1,2 which do not

fulfill the criterium (2.15) can be found in [58, 74] among others.

The new metric gµν(E) defines a family of flat metrics parameterised by the en-

ergy E. Hence probe particles see ”different universes”; they measure different cos-

mological quantities and travel on different geodesics, but share the same set of in-

ertial frames [56].

In order to apply DSR to cosmology it is necessary to find the Friedmann-Lemaitre-

Robertson-Walker (FLRW) metric, as modified by Rainbow Gravity. Here the follow-

ing system of units is implied: dx0 = c0dt, c0 = 1, where c0 is the low-energy limit

of the energy-dependent speed of light, c(E) ∈ [1, 0]. Now, we need to modify the

FLRW metric. The resulting expression is:

ds2 = − dt2

f 2
1 (E)

+
a2(t)
f 2
2 (E)

γijdxidxj, (2.16)

where γij represents the 3-metrics defined in Friedmann cosmology for the three

different spacetime geometries (K = 0,±1), and a(t) is the scale factor. From the
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metric (2.16) we find the Einstein equations:

Gµν(E) = 8πG(E)Tµν(E) + gµν(E)Λ(E), (2.17)

where all quantities now vary with energy. The tensorial quantities gain their energy

dependence from the rainbow functions contained in the metric, whereas G(E) and

Λ(E) get theirs from renormalisation group flow arguments, as outlined in [56]. It is

usually assumed that G and Λ have the same energy-dependence:


G(E) = h2(E)G0

Λ(E) = h2(E)Λ0

(2.18)

where the index 0 indicates the standard table value. The function h(E), which we

will now call the ’scaling function’ is constructed in such a way that the standard

constants G0, Λ0 are recovered in the limit E → 0. Such form of the h-dependence

for the gravitational and cosmological constants allows the constancy of the vacuum

energy density ρΛ = Λ0/8πG0.

2.4.2 Hořava-Lifshitz Gravity

One of the main obstacles on the road to quantum gravity is the fact that general

relativity is non-renormalisable. This is easy to see if we notice that the expansion of

any quantity F in terms of the gravitational constant can be written as [75]:

F =
∞

∑
n=0

an
(
GNE2)n

, (2.19)

where E is the energy of the system, an is a numerical coefficient and GN is the grav-

itational coupling constant. From this we see that then E2 ≥ G−1, this expansion

diverges, and it is expected that general relativity loses perturbative renormalisabil-

ity at such high energies.

It is possible to improve the ultraviolet behaviour of general relativity by intro-

ducing higher-order derivative terms to the Einstein-Hilbert Lagrangian. For ex-

ample, we can write it as: S =
∫

d4x
√−g(R + RµνRµν), which changes the gravi-

ton propagator from 1/k2 into 1/(k2 − GNk4). The new term proportional to k−4
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will indeed cancel the ultraviolet divergence, but the theory is now non-unitary and

equipped with a massive spin-2 ghost [75]. In fact, this ghost comes from the fact

that this higher-order gravity theory has time derivatives of O > 2. In the example

above, the resulting field equations are fourth order. In order to address this prob-

lem, Hořava decided to evade the ghost by constructing a higher-order theory of

gravity where only the spatial derivatives are of O > 2, while keeping second-order

time derivatives only [76]. This requires an explicit breaking of Lorentz invariance in

the ultraviolet, but to be consistent with all current experiments, which have so far

failed to detect any significant signals of Lorentz invariance violation, this symmetry

has to be restored in the infrared limit. The way Hořava overcame this hurdle was to

introduce an anisotropic scaling of space and time in the ultraviolet (also known as

Lifshitz scaling). This scaling takes the form (in a 4-dimensional spacetime):

t→ b−zt, xi → b−1xi, (i = 1, 2, 3), (2.20)

where z is a critical exponent. To restore Lorentz invariance we need to set z = 1,

but to have power-counting renormalisability we need to have z ≥ 4 [75]. The most

common choice is to set z = 3. Thus, ultraviolet Lorentz violation lies at the core

of Hořava-Lifshitz gravity and cosmology. Hořava assumed that it is broken down

to t → ξ0(t), xi → ξ i(t, xk), which preserves the spatial diffeomorphisms. This

theory acquires a symmetry group denoted Diff[M,F ], which is known as foliation-

preserving diffeomorphisms [75, 76], where F is the preferred frame. This allows

for arbitrary changes of the spatial coordinates on each constant time slice, and also

picks out a preferred time foliation of spacetime, which breaks Lorentz invariance.

Because of the anisotropic scaling between space and time, it is convenient to

introduce the ADM decomposition of the spacetime metric in a preferred foliation:

ds2 = −N2dt2 + gij(dxi + Nidt)(dxj + N jdt), (2.21)

where the dynamical variables of the theory now are the lapse function N, the shift

vector Ni, and the spatial metric gij (i, j = 1, 2, 3). Given this, we can write down the
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most general action for the theory as:

S =
∫

d3xdtN
√

g
[
KijKij − λK2 − V(gij)

]
, (2.22)

where g is the determinant of the spatial metric gij, λ is a running coupling pa-

rameter (dimensionless), and V is a potential term. Moreover, Kij is the extrinsic

curvature:

Kij =
1

2N
(

ġij −∇iNj −∇jNi
)

, (2.23)

where an overdot denotes a full derivative with respect to the time t. The trace of

Kij is denoted K. The potential V depends only on the spatial metric and its spatial

derivatives, and is also invariant under three-dimensional diffeomorphisms [77]. It

contains only operators of dimension 4 and 6 which can be constructed from the

spatial metric gij.

2.4.3 Einstein-Aether Theory

Another theory which breaks Lorentz invariance is Einstein-Aether theory, which is

related to low-energy Hořava-Lifshitz gravity [78–80]. In this model Lorentz invari-

ance is broken by a timelike unit vector field called the aether (or khronon). Since we

are interested in studying Lorentz violation the aether field arises as a natural way

to ensure that this theory lacks a Lorentz-invariant phase completely, and by intro-

ducing the aether field, a preferred frame is always present. The current formulation

of Einstein-Aether theory as a low energy effective field theory passes all observa-

tional tests when choosing the parameters of the theory appropriately [78, 80–88].

The only discrepancy lies in the two Parametrised post-Newtonian PPN parameters

which relate to preferred-frame effects.

The most general action of the theory can be written as:

S =
1

16πGae

∫
d4x
√
−g
(

R + KαβKµν∇αuµ∇βuν + λ(uαuα − 1)
)

, (2.24)

where

Kαβ
µν = c1gαβgµν + c2δα

µδ
β
ν + c3δα

ν δ
β
µ + c4uαuβgµν. (2.25)
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In the above expressions, R is the Ricci scalar, λ is a Lagrange multiplier ensuring

that uα is always timelike, and ci are dimensionless constants. Moreover, as is a gen-

eral feature of Lorentz-violating field theories, the gravitational coupling constant

Gae differs from the Newtonian one through GN/Gae = 1− (c1 + c4)/2.

By varying the action (2.24) with respect to the aether field and the metric, re-

spectively, leads to the following field equations:

λuµ = ∇α

(
Kαβ

µν∇βuν
)
− c4u̇α∇µuα (2.26)

Gαβ = Tae
αβ + 8πGaeTm

αβ, (2.27)

where Gαβ is the Einstein tensor, Tae
αβ, and we have added a matter Lagrangian. In a

cosmological setting with FLRW geometry, the aether field uα coincides with the 4-

velocity of a comoving observer and is thus completely determined by the geometry

and lies on-shell. Therefore we can write the stress-energy tensor for the aether as

a combination of covariantly conserved tensors derived from FLRW geometry. The

exact form reads [88–91]:

Tae
αβ = −1

2
(c1 + 3c2 + c3)

[
Gαβ −

1
6

R(gαβ + 2uαuβ)

]
, (2.28)

and the effect of adding the aether is to renormalise the gravitational constant and

add a perfect fluid which renormalising the contribution of the spatial curvature [88,

89]. Thus we can expect to find traces of the aether in the expansion history of the

Universe along with possible imprints on the Hubble parameter tension [28, 88].

2.4.4 Bumblebee Gravity

One of the simplest models for studying spontaneous Lorentz violation in gravity

is called bumblebee gravity. In this model Lorentz symmetry is broken when an axial

vector field Bµ takes on a non-zero vacuum expectation value. Bumblebee gravity is

of particular interest since it features rotation, boost, and CPT violation whilst still

having relatively simple field equations [12]. The bumblebee field comes with an

associated 2-tensor field strength usually defined as Bµν ≡ ∂µBν− ∂νBµ, which bears

close resemblance to the electromagnetic field strength tensor Fµν. In fact, it was
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found in [92, 93] that by linearising the bumblebee model on a flat background a type

of “pseudo-Maxwell“ theory with a bumblebee photon can be found. A detailed

discussion and observational constraints on these features can be found in [92].

Several interesting features of bumblebee gravity have been pointed out in the

literature. For example, it was pointed out in [94] that the model possesses con-

sistent vacuum solutions, and that the nature of the preferred frame influenced the

nature of these solutions. Moreover, it was shown in [95] that the theory has an exact

Schwarzchild solution, and provided bounds on Lorentz violation from a series of

solar-system gravitational tests. It was also shown that for certain parameter values,

bumblebee gravity can also be applied to cosmology and has Gödel solutions [96].

The action for a non-minimal pure-gravity bumblebee model can be written

as [95]:

SB =
∫

d4x
√
−g

1
16πG

[
R + ξBµBνRµν −

1
4

BµνBµν −V
]

, (2.29)

where Rµν is the Ricci tensor, ξ is a real coupling constant with mass dimension 1,

and V = V(BµBµ ± b2) is the potential driving the formation of a non-zero vacuum

expectation value 〈Bµ〉 = bµ, breaking Lorentz symmetry. We arrive at the equa-

tion of motion for the bumblebee field as ∇µBµν = 2V ′Bν − ξBµRµν/8πG, and the

Einstein equations resulting from the action (2.29) read:

Gµν = Rµν −
1
2

gµνR = 8πTB
µν, (2.30)

where the stress-energy tensor for the bumblebee field is

TB
µν = −BµαBα

ν −
1
4

BαβBαβgµν −Vgµν + 2V ′BµBν

+
ξ

κ

[
1
2

BαBβRαβgµν − BµBαRαν − BνBαRαµ

+
1
2
∇α∇µ (BαBν) +

1
2
∇α∇ν

(
BαBµ

)
−1

2
∇2 (BµBν

)
− 1

2
gµν∇α∇β

(
BαBβ

)]
, (2.31)

which is covariantly conserved since the vacuum expectation value of the bumble-

bee field is generated dynamically.
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The potential V has so far been kept arbitrary, but may simply be chosen as

V(x) = λx2/2 or V(x) = λx (Lagrange-multiplier potential). The second case is

actually equivalent to non-linear gauge electrodynamics as explored in [97]. More-

over, different subcases of the bumblebee gravity model have been studied in for

example [80, 91, 98–102].

2.4.5 The Standard-Model Extension

The framework called the Standard-Model Extension has become the de-facto stan-

dard for putting constraints on Lorentz violation. It is an effective field theory which

encompasses all the sectors of the Standard Model and General Relativity, as well as

all possible Lorentz-violating terms up to arbitrary order in the operators [12, 103,

104]. The terms breaking Lorentz invariance are constructed by combining Lorentz-

violating operators with coefficients carrying Lorentz indices, called coefficients of

Lorentz violation, which are subsequently constrained through experiment. Each

term respects observer symmetry while breaking particle invariance with respect to

diffeomorphism symmetry and local Lorentz symmetry. A significant advantage of

the Standard-Model Extension is that, being a complete effective field theory, it also

offers great predictive power and allows us to predict which experiments will pro-

vide the best constraints. As such, it also provides a good way to catalogue results

and compare models, as well as a solid theory for theoretical studies of Lorentz vio-

lation. Using the vierbein formalism, the pure-gravity action can be written as [12]:

Sgravity =
1

16πG

∫
d4x (eR− 2eΛ + . . .)︸ ︷︷ ︸

LLI

+
(

e (kT)
λµν Tλµν + . . .

)
︸ ︷︷ ︸

LLV

, (2.32)

where e is the vierbein, Λ is the cosmological constant, and Tλµν is the torsion tensor.

LLI and LLV stand for the Lorentz invariant and Lorentz-violating Lagrangian den-

sity, respectively. Since this framework in principle contains an infinite number of

operators suppressed by increasing inverse powers of the Planck energy, it is com-

mon to restrict attention to the so-called minimal Standard-Model Extension. The

operators in this subset are of mass dimension 4 or less and characterise leading-

order Lorentz-violating effects. Working in the Riemannian limit only one term in
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(2.32) survives, which reads [12]: (kR)
κλµν Rκλµν, proportional to the Riemann tensor.

After a Ricci decomposition of this term and noticing that the coefficient tensors can

be taken to be traceless, the gravitational action can then be written as:

Sgravity =
1

16πG

∫
d4x
√
−g
[
(1− u)R− 2Λ + sµνR(T)

µν + tµναβWµναβ
]

, (2.33)

where R(T)
µν is the trace-free Ricci tensor and Wµναβ is the Weyl tensor. u, sµν, and

tµναβ are the coefficients of Lorentz violation in the minimal gravitational sector. As

discussed in Section 2.1 it is in general necessary for the coefficients for Lorentz vi-

olation in the gravity sector to be dynamical. This formulation is especially useful

since it distinguishes between effects proportional to the Weyl, Ricci, and scalar cur-

vatures. The SME coefficients may be either CPT odd or even; in general, a CPT even

coefficient will have an even number of spacetime indices and vice versa. Thus, the

minimal Standard-Model Extension gravitational sector is CPT even. Note that this

does not preclude CPT violation from other sources, such as cosmological loss of

unitarity discussed in Section 2.2.

Many limits have been set on gravitational sector coefficients, primarily from

solar-system tests and weak-field tests, which generally use the linearised limit (gµν =

ηµν + hµν) of the Standard-Model Extension, for example gravimeters [105, 106],

spin precession [107], gravitational waves [108], solar-system tests [109, 110], Weak

Equivalence Principle [109, 111–114], pulsar timing [54, 115], and very-long base-

line interferometry [116]. (For a full list of all constraints in all sectors see the “Data

Tables“ [117]); however, work in the full theory has been limited to date [29, 118,

119].
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IT is expected that any theory which aspires to bridge quantum theory and grav-

ity will need to include the Planck length `P =
√

h̄G/c3, where h̄ is the reduced

Planck constant, G is Newton’s gravitational constant, and c is the speed of light.

This characteristic length is derived by dimensional considerations of the constants

which should appear in a regime where quantum theory, relativity, and gravity all

are significant. It is expected that the Planck length is the minimum length which

one can measure in a meaningful way. Associated with the Planck length is the

Planck energy EPl =
√

h̄c5/G, which is simply the energy of a photon with de

Broglie wavelength `P. The concept of a minimum length lies at the heart of ap-

proaches to quantum gravity such as string theory and loop quantum gravity, and

has inspired a lot of theoretical work [74, 120–124]. The idea of spacetime foam

was put forth in [23] and has inspired research since then. According to this idea,

quantum effects make spacetime nontrivial at small scales (the Planck scale), where

particle-antiparticle pairs are continuously created and annihilated, curving space-

time at extremely small length- and time scales. This ”chaotic” picture inspired the

term ”spacetime foam”, or ”quantum foam”.

For some time the main approach to non-trivial spacetimes and Planck-scale ef-

fects has been Lorentz violation scenarios, which have been widely studied both

theoretically and observationally. In this approach, Lorentz invariance is assumed

to be broken at high energies, which introduces high-energy corrections to, for ex-

ample, the dispersion relations of high-energy particles of cosmological origin.

It has been recently reported in [125] that the Rainbow framework is suitable

for exploring scenarios with broken Lorentz symmetry [14, 103, 126–131]. In the

light of this, we present the following analysis which will be concentrated on the

determination of the Lorentz violation energy scale for relativistic particles by the

observational data from cosmology.

This Chapter is organised as follows. In Section 3.1 we describe the modified ho-

mogeneous Friedmann universe in the Rainbow Gravity formalism. The formalism

of Rainbow Gravity was outlined in Chapter 2.4.1. In Section 3.2 we interpret our

results and present some concluding remarks. Unless explicitly stated, c = h̄ = 1,
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Greek indices µ, ν = 0, 1, 2, 3, Roman indices i, j, k = 1, 2, 3, and the metric signature

is (−,+,+,+).

3.1 Lorentz Invariance Violation in Rainbow Gravity

3.1.1 Lorentz Invariance Violation

Motivated by the notion of quantum foam coined by Wheeler [23], it has been sug-

gested in theories of quantum gravity that Lorentz symmetry breaks down at high

energies and short timescales [74, 103]. A common approach when studying these

effects from a phenomenological point of view is to assume an effective modified

dispersion relation, manifesting itself at high energies [14, 131, 132]. In relation to

that we consider a modified dispersion relation which for massless particles (whom

we study from now on) takes the form:

p2 = E2 → p2 = E2 [1 + f (E)] , (3.1)

A modified dispersion relation such as the one in Eq. (3.1) would lead to highly ener-

getic particles travelling slower or faster (depending on the quantum gravitational

model) than their low-energy counterparts. For studies on Lorentz violation and

possible observational tests, see [18, 52, 103, 132–137].

In the framework of Lorentz Violation, it is often assumed that f (E) in Eq. (3.1)

can be expressed in a series expansion at low energies (E� Ec) [74, 131, 138]:

f (E) = χ1

(
E
Ec

)1

+ χ2

(
E
Ec

)2

+O
(

E3

E3
c

)
, (3.2)

where Ec is the energy scale at which Lorentz violating effects become strong, and

the couplings χn = ±1 (n = 1, 2) are determined by the dynamical framework being

studied. It is also assumed that the effects of Lorentz violation enter in either a linear

or a quadratic term, and thus the low-energy approximation of f (E) can be written

as [131]:

f (E) ≈ χn

(
E
Ec

)n

. (3.3)
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The modified dispersion relation in the present scenario then reads as:

p2 ≈ E2
[

1 + χn

(
E
Ec

)n]
, (3.4)

which leads to a speed of light (or any other massless particle) [131]:

c(E) =
∂E
∂p
≈ 1− χn

(
E
Ec

)n

, E� Ec, (3.5)

which changes its value as in VSL theories [139–142]. In quantum foam scenarios,

the non-trivial features of spacetime at the Planck-scale are expected to slow particle

propagation, and hence we will take χn = 1 from now on.

It is now important to make the connection between this framework and Rain-

bow Gravity. In the latter, the invariant energy scale is the Planck scale. This is the

energy scale which all observers agree on, and hence we identify Ec = EPl . Sec-

ondly, what we are ultimately interested in is the minimum energy which is needed

for a massless particle to be subject to Lorentz violating effects. Hence, we will build

a cosmological model in this framework and constrain the energy E against data.

Since no compelling evidence for Lorentz violation has yet been presented, the en-

ergy scale for Lorentz violation, ELV , must be larger than the energy E. Hence, the

only constraints we will be able to obtain will be lower limits.

3.1.2 Simple Lorentz Invariance Violating Cosmological Framework

It was recently reported in [125] that the Rainbow formalism is suitable for describ-

ing Lorentz Violating scenarios [14, 103, 126–131]. It was shown that even though

the Poisson bracket between the deformed boost and the flat-space limit Hamilto-

nian vanishes, {N ,H} = 0, the Rainbow line element (2.13) is not invariant under

the same boost. The authors of [125] remark that this makes vector norms non-

invariant and makes it impossible to define local invariant observers, which makes

it necessary to break Lorentz invariance [125]. In the light of this, we present below

a concatenation of Lorentz violation phenomenology and the Rainbow formalism,

and we show that it is possible to combine the two in a consistent and logical way.
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It is now possible to write down the Friedmann equation as follows [56]:

(
ȧ
a

)2

=
8πG(E)ρ

3 f 2
1 (E)

− K
a2

[
f2(E)
f1(E)

]2

+
Λ(E)

3 f 2
1 (E)

, (3.6)

and the acceleration equation becomes:

ä
a
= −4πG(E)(3p + ρ)

3 f 2
1 (E)

+
Λ(E)

3 f 2
1 (E)

. (3.7)

Combining Eq. (3.6) and Eq. (3.7) yields the conservation equation, which is indepen-

dent of the rainbow functions:

ρ̇ = 3
ȧ
a
(ρ + p). (3.8)

The fact that the conservation equation does not include extra energy dependence

from the rainbow functions is a clear advantage of this framework, since it implies

that there is no dissipation of energy. Comparing the Lorentz Violation and Rainbow

dispersion relations (3.1) and (2.8) and matching coefficients, it is possible to identify

the following:

f1(E) =

√
1 +

(
E

EPl

)n

, f2(E) = 1 (3.9)

From the dispersion relation (3.1) and the correspondence principle it is possible to

extract that limE → 0, f (E) = 0, which means that the map U satisfies Eq. (2.15).

In order to calculate any useful cosmological quantities, it is neccessary to define

h(E). There are several suggestions in the literature, and the following two will be

investigated. One suggestion comes from the field of varying constants cosmology,

where the running of physical constants is used to solve cosmological issues such

as singularities. In analogy with [143], we suggest here that the evolution takes the

following novel form:

G(E) =
(

1− E
EPl

)−1

G0. (3.10)

Comparing (2.18) and (3.10), h(E) is found to be (we will denote the first case h−):

h−(E) =
(

1− E
EPl

)−1/2

. (3.11)
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FIGURE 3.1: The modified Friedmann scale factor for rainbow func-
tion 3.11 with n = 2 for probe particles of different energies.

Another suggestion for the form of h(E) can be found in [64], and in analogy with

this we suggest the following:

h+(E) =

√
1 +

(
E

EPl

)4

. (3.12)

Choosing to look at a matter dominated universe with cosmological constant,

ρ = ρm and Λ 6= 0, the following solution to Eq. (3.6) is found:

a(t) = a0

(
Ωm

ΩΛ

)1/3 [
sinh

3
2

√
ΩΛ

h±(E)
f1(E)

H0t
]2/3

, (3.13)

where a0 is the present day value of the scale factor. It is easy to see that (3.13) takes

the standard form when E → 0, so h±(E) → 0, which satisfies the correspondence

principle.

As an example, we show here the case of h−(E) = (1− E/EPl)
−1/2. Using the

rainbow function (3.11) in (3.13), with n = 2, which in Lorentz violating scenarios

is referred to as quadratic Lorentz violation, the following result is obtained: In Fig-

ure 3.1, the scale factors for the different probe energies clearly separate after 2− 3
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Gyr, and the rainbow in Rainbow Gravity can be clearly seen. Linear Lorentz viola-

tion, n = 1 produces results which are difficult to distinguish when plotted. This

is rather counterintuitive, as one would expect the less suppressed case (n = 1) to

be more important phenomenologically. The explanation to this lies in the function

h−(E) which contains a minus sign in the denominator. Because of this the ratio

h−/ f1 contains terms such as

1− ε + ε− ε2 = 1− ε2

in the case for n = 1. (Here, ε = E/EPl). The minus sign in h− causes this cancel-

lation. For n = 2, the corresponding term is 1− ε, when ε � 1. Hence h−/ f1, and

more importantly, its derivative, will always be smaller for n = 1 than n = 2. This

accounts for the somewhat surprising behavior of Figure 1.

In the more general case, when all the contributions to the energy density are

taken into account, the Friedmann equation takes the following form:

(
ȧ
a

)2

=
8πG0

3
h2
±(E)

f 2
1 (E)

ρc

[
Ωm

( a0

a

)3
+ Ωrad

( a0

a

)4
+ ΩΛ + Ωk

( a0

a

)2 1
h2
±(E)

]
,

(3.14)

where

Ω{m,rad,Λ,k} =
ρ

ρc
=

8πG
3H2

0
ρ{m,rad,Λ,k}, (3.15)

are the energy density parameters (for matter, radiation, dark energy, and curvature)

as measured today and ρc is the conventional critical energy density, ρc = 3H2
0 /8πG.

The extra factor on Ωk comes from the definition of the curvature energy contribu-

tion:
h2
±(E)

f 2
1 (E)

8πG
3

ρk = −
K

a2 f 2
1 (E)

(3.16)

3.1.3 Two specific choices of the scaling function h±(E)

The analysis described above was carried out for the two choices of the function

h±(E) in Eq. (3.11) and Eq. (3.12) and limits on E were derived for both linear and

quadratic Lorentz violation (n = 1, 2). The results are stated in Table 3.1. In order to

obtain these results, we employed an MCMC method, in which we ran three chains

of 105 steps each, to obtain bounds on the energy E. These results are interpreted as
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h−(E) =
√

1− E
EPl

n = 1 : 0.0033 (1σ), 0.0076 (2σ), 0.0121 (3σ)

n = 2 : 0.0067 (1σ), 0.0152 (2σ), 0.0243 (3σ)

h+(E) =

√
1 +

(
E

EPl

)4
n = 1 : 0.0068 (1σ), 0.0154 (2σ), 0.0262 (3σ)

TABLE 3.1: 1, 2, and 3σ constraints on the ratio (E/EPl) for linear and
quadratic Lorentz violation (n = 1, 2) for the scaling function h−(E).

For h+(E), only the case n = 1 is included.

follows; when constraining the energy E, we have looked for the values of E which

fit to our current understanding of the Universe, through the data available. Since

Lorentz violating effects have not yet been observed, the energy scale ELV must lie

outside of the likely range for E. As such, we obtain lower limits on ELV . The limits

placed correspond to the Grand Unified Theory (GUT) energy scale ELV ∼ 1016 GeV

at the 1σ limit and are even higher reaching ELV ∼ 1017 GeV at 3σ limit.

In Table 3.1 the case of h+(E) and n = 2 is not included. Due to some artefact

in the parametrisation this case contains both upper and lower limits on the energy

scale E. We have discarded this case as it suggests we now live in a Lorentz violating

era. Hence we deem it unphysical and do not consider it further.

At this stage it is very important to note that this is not the ”energy of spacetime”,

but rather the energy scale of a probe particle travelling through spacetime and feel-

ing a metric determined by its energy. This statement takes a central role in [56],

where it is used to derive several modified cosmological quantities. In this chapter,

we interpret the limits obtained as decoupling limits, at which Lorentz violating ef-

fects become statistically significant. This is even clearer for the three models were

we only obtained upper limits. This may be interpreted as a kind of arrival prob-

ability, and drops monotonically with energy. In analogy with the GZK cutoff, for

example, we find this behavior reasonable.

3.1.4 Comparison with the ΛCDM model

In our model, the decoupling energy scale from Lorentz violating effects leaves an

imprint on the equations of cosmological evolution. As expected, this results in a

different cosmological evolution compared to that of the ΛCDM. In order to quantify
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this difference, we notice that it is possible to write Eq. (3.6) in the following form:

(
ȧ
a

)2

=
8πG0

3
ρc

[
Ω′m

( a0

a

)3
+ Ω′rad

( a0

a

)4
+ Ω′Λ + Ω′k

( a0

a

)2
]

, (3.17)

i.e. the standard form of the Friedmann equation. Here, the primed quantities are

defined as:

Ω′m =
h2
±(E)

f 2
1 (E)

Ωm, Ω′Λ =
h2
±(E)

f 2
1 (E)

ΩΛ, Ω′k =
1

f 2
1 (E)

Ωk, Ω′rad =
h2
±(E)

f 2
1 (E)

Ωrad.

(3.18)

Besides, it is easy to notice from (3.18) that

Ω′m
Ωm

=
Ω′Λ
ΩΛ

=
Ω′rad
Ωrad

, (3.19)

and also that

Ωm + Ωrad + Ωk + ΩΛ =
h2
±

f 2
1

; Ω′m + Ω′rad + Ω′k + Ω′Λ = 1. (3.20)

As our analysis has provided bounds and estimates on the energy scale ELV as

well as the energy densities ΩX, it is now a simple task to compare the primed and

unprimed quantities. We present here the results for the model h−(E) =
√

1− E/EPl

with n = 1. In Figure 3.2 one sees the histograms for the matter and dark energy den-

sities, both primed and unprimed. From Figure 3.2 we can see that when rearranged

to the standard Friedmann form, the primed quantities diminish in comparison to

the unprimed ones. This was to be expected, as the ratio h2
±(E)/ f 2

1 (E) is consistently

less than unity (in this model). As such, the imprint of the rainbow and scaling func-

tion on cosmological evolution can be thought of as mimicking dark energy in the

sense that there is a weaker repulsion (Ω′Λ < ΩΛ) accompanying weaker attraction

(Ω′m < Ωm) giving a net effect of a stronger global repulsion (acceleration). It is

important to note that because of how the numerical analysis was carried out, the

normalisation of primed and unprimed quantities are different.
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FIGURE 3.2: One and two dimensional projections of the posterior
probability distributions for linear Lorentz violation (n = 1) and
h−(E) =

√
1− E/EPl . Ωm and ΩΛ (without primes) correspond to

the energy densities in Eq. (3.6), whereas Ω′m and Ω′Λ (with primes)
are the rescaled quantities in Eq. (3.17). The histograms show the
one dimensional marginalised distributions for the parameters inde-
pendently, and the scatter plot shows the two dimensional parameter

space.

3.2 Discussion and Conclusions

In this chapter we have studied Lorentz symmetry violating scenarios which are

predicted in the high-energy regime of some theories of quantum gravity. We have

shown that it is possible to realise such scenarios within the framework of Rainbow

Gravity due to modification of the dispersion relation by introducing new functions

of particle energy f1(E) and f2(E). We have studied such a theory in the cosmo-

logical context assuming additionally the energy-dependence of the gravitational

constant G(E) and the cosmological constant Λ(E) which change according to the

scaling function h±(E).

We have shown that it is possible to consistently express the low-energy limit

of Lorentz violating theories within the framework of Gravity’s Rainbow, when

only one of the rainbow functions is non-trivial. We have proven that the Rain-

bow function f1(E) and the scaling functions h±(E) influence the evolution of the

cosmological scale factor in the Friedmann equation. Our main point was to carry
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out an Markov-Chain Monte Carlo analysis in order to compare our theory with

observational data such as: Hubble + Supernovae Type Ia + Baryon Acoustic Os-

cillations (Baryon Oscillation Spectroscopic Survey+Lyman α) + Cosmic Microwave

Background. Due to this we were able to constrain model parameters and in par-

ticular the energy scale ELV to be of the order of 1016 GeV at 1σ which is a Grand

Unified Theory (GUT) energy scale up to 1017 GeV at 3σ.

We suggest the interpretation of this energy as a Lorentz invariance decoupling

scale since it is much higher than any observed particle energy. Just as the decou-

pling of the Cosmic Microwave Background in the early universe occurs at the re-

combination energy, the energy ELV may be interpreted as a decoupling energy from

spacetime Lorentz violating effects. In the quantum foam picture, this occurs when

the energy of a massless particle is too low to interact with the nontrivial spacetime,

statistically. It may still happen through other mechanisms [136] and there are some

possible observational signals of this (see for example [18]).

We argue that the energy ELV should be viewed as the energy at which mass-

less particles are decoupled from nontrivial background effects. This cutoff energy

is generally assumed to be around the Planck energy, which this study indeed veri-

fies. Moreover, the nontrivial structure of the quantum foam is expected to implic-

itly break Lorentz invariance, which can be modelled phenomenologically with a

modified dispersion relation. This also fits well with our notion of ELV , and as our

assumptions on the structure of the function f (E) stems from low-energy quantum

gravity, our framework may be used for general quantum gravity phenomenology.

The value of ELV also serves as the energy scale at whcih CPT symmetry might be

broken, and due to the sign of the cosmological constant in this model one might

expect cosmological CPT violation, albeit at a different time because of the altered

cosmological behaviour. It may be noted that our results are in agreement with some

of the limits obtained in [144]. It is also worth noting the behavior of Lorentz invari-

ance hinted at in this chapter is not a new idea; the notion of Lorentz symmetry being

an emergent symmetry is a key ingredient of Hořava Gravity [145], for example.



34 Chapter 3. Modified Dispersion Relations in Gravity; Doubly General Relativity

Several previous papers have investigated various aspects of the phenomenol-

ogy of Rainbow Gravity (see for example [146–149]). As a much expected conse-

quence of quantum gravity the effects of Lorentz Violation should also be investi-

gated. Probing the behavior of symmetries at high energies is important in order to

understand the limits of the current theories and to gain insight into what may lie

beyond. Lorentz symmetry is one of those symmetries. However, as a fundamental

ingredient of modern physics, it deserves thorough scrutiny.
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4.1 Introduction

One of many challenging problems in modern theoretical physics is how to merge

quantum field theory with general relativity. Attempts at formulating a quantum

theory for gravitation have been made for many decades, but there is still no the-

ory which clearly stands out from its competitors. One of the main obstacles one

encounters when trying to quantise general relativity using standard techniques is

that it is not a perturbatively renormalisable theory. This is indeed a serious problem

as general relativity breaks down at small scales, and alternative formulations for a

quantum theory of gravity have been developed in order to deal with this issue. For

example, string theory and loop quantum gravity have been developed for this rea-

son, and although these theories resolve some problems (such as singularities) there

are few phenomenological channels through which to test these theories [150, 151].

Although no theory of quantum gravity is known it is possible to predict some of its

features. For example, it is likely to contain the three constants c (speed of light, rel-

ativity), G (gravitational constant, gravitation), and h̄ (Planck’s constant, quantum

mechanics). Using these constants, we can construct a characteristic energy scale for

quantum gravity as EPl =
√

h̄c5/G. This is to be interpreted at the “frontier“ be-

yond which we can expect quantum gravity effects to manifest themselves. If this

is indeed the case, we can only expect to find quantum gravity effects in regions

with very high energy, strong gravity, and high velocities. The phenomenological

avenues to probe these regions are sparse, and do not in general allow themselves

to be recreated in the laboratory, so we are forced to rely on astrophysical observa-

tions. One possibility is that of TeV particle astrophysics, as observed with the next

generation of telescopes. There are several scenarios in which quantum gravity ef-

fects could affect the opacity of the Universe to such high-energy particles [127, 136].

These effects would multiply with the distance, and could in principle be detectable

with (for example) the CTA [18].

An area of observation which has recently opened up a new window to the Uni-

verse is that of gravitational wave astronomy. Recently, LIGO found evidence of a bi-

nary black hole merger [152], which was consistent with the prediction from general

relativity for such events. Moreover, LIGO and VIRGO have also observed a binary
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neutron star merger [153] which was accompanied by a short γ-ray burst picked up

by the FERMI and INTEGRAL γ-ray telescopes [154]. This put strong constraints

on the speed of tensorial gravitational waves, as the difference ∆t from the speed of

light c was found to be −3 · 10−15 < ∆t/c < 7 · 10−16 [108]. As opposed to general

relativity, which permits only tensor metric perturbations, many alternative models

of gravity have more degrees of freedom. For example, scalar-tensor theories such

as Brans-Dicke theory permits a transverse-scalar mode, and Hořava-Lifshitz grav-

ity allows both vector and tensor modes [155, 156]. This has also been discussed in

the context of Lorentz-violating theories, for example in [157] (Hořava gravity) and

in [158] (Einstein-Æther theory). In general, gravitational wave data places strong

constraints on the coupling constants of the theories, as well as the speed of the

tensor mode. Moreover, these observations also place constraints on the Lorentz

breaking scale (often denoted M∗) in Hořava gravity [157].

Recently, the LIGO and VIRGO team reported the first ever direct limits of the

strain of scalar and vector modes at < 1.5 · 10−26 at 95% [159, 160]. Prior to this, the

magnitude of scalar modes were completely unconstrained, and this new discovery

can place tight bounds on alternative theories of gravity, such as Hořava-Lifshitz.

This new field of multimessenger astronomy has the potential to teach us more about

strong gravity events and will be some of the most important ways of probing new

physics in the future.

The fact that general relativity has been tested and found consistent with vir-

tually all observations tells us that it is a very good model for the IR behaviour of

quantum gravity. Thus, any candidate quantum gravity model proposed must have

general relativity as its low energy limit. It therefore makes sense to look at pro-

posals for UV-completions of general relativity, for example [161, 162]. In general

these include a cutoff energy scale beyond which general relativity breaks down. If

this energy scale is low enough (in the TeV range) there may be a lot of accessible

phenomenology in these models. Another interesting proposal in this category is

Hořava gravity, which is a concrete proposal of a UV complete theory of gravity,

and possibly of quantum gravity [76, 163]. It is also referred to as Hořava-Lifshitz

(HL) gravity since if contains a fixed point in the UV with an anisotropic Lifshitz

scaling between space and time, explicity breaking Lorentz invariance in the UV.
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A lot of work has gone into this model, including studies on cosmological solu-

tions [164–166, 173, 181, 210, 211], dark radiation and braneworlds [166, 167], strong

coupling [179], and the resolution of the initial singularity [168–170]. Several papers

have placed bounds on different regions of the Hořava-Lifshitz framework, for ex-

ample using cosmological data [171], binary pulsars [81, 82], and in the context of

dark energy [172]. This has also been done [173] in the effective field theory formal-

ism of the the extended version of Hořava theory [77]. Other authors have placed

bounds on more general Lorentz violation in the context of dark matter and dark

energy, for example [174, 175].

The breaking of Lorentz invariance mentioned above may seem counterintuitive,

as it is one of the fundamental principles of modern physics and is strongly sup-

ported by experiment. In fact, every single experiment so fas been consistent with

Lorentz invariance [14, 117]. This means that breaking Lorentz symmetry has to be

done with great care. However, there is no a priori reason to expect that a theory

of quantum gravity should uphold Lorentz invariance, as according to our under-

standing, spacetime takes on a quantum nature in the Planck regime, and as we have

mentioned before, continuous classical spacetime emerges as a low energy limit of

this quantum theory. Then, as Lorentz symmetry is a continuous symmetry of nature,

it bears to reason that it might not exist at all in the quantum regime, but rather

emerge as an IR symmetry of nature. Once Lorentz symmetry is no longer a con-

cern, one may include higher-order derivatives in the Lagrangian in order to cure

divergencies in the UV [75].

There is an open discussion about instabilities and pathologies in different for-

mulations of HL-type theories (see e.g. [77, 176, 177] or a recent review [75]). The

original HL theory suffers from many inconsistencies and shortcomings, the most

significant of which being the existence of a parity violating term [176], problems

with ghost instabilities and strong coupling at very low energies [178, 179], wrong

sign and very large value of cosmological constant [180, 181], problems with power

counting renormalisation of the scalar mode propagation [182, 183]. Some of those

issues (ghost instabilities and the sign of the cosmological constant) are discussed

in more detail later on in this chapter and we discuss alternative solutions to them,

like carrying out an analytic continuation of the constant parameters ([184]). Other
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problems arise from the conditions imposed in the original Hořava formulation of

the theory; the detailed balance condition, where it is assumed that potential part

of the action is given from the superpotential, thus limiting the number of its terms

and independent couplings. There is also the projectability condition which assumes

that the lapse functionN depends only on timeN = N (t). Some authors ([179], end

note) claim that the non-projectable version leads to serious strong coupling prob-

lem and does not have a viable GR limit at any energy scale. On the other hand

more recent considerations, e.g. [180, 185], claim the opposite. These authors state

that most of the shortcomings (like parity violation, problems with renormalisation

of the scalar mode and its IR behaviour) can be cured by adding additional terms to

the superpotential and relaxing projectability condition, while still keeping detailed

balance (or eventually softly breaking it). However later works provide evidence for

problems with power-counting renormalizability of the scalar mode (spin-0 gravi-

ton) in the detailed balance version of the theory [182]. Recent formulation of the

so called "mixed-derivative" Hořava gravity [183, 186] claim that this formulation is

actually power counting renormalizable.

There is still an open issue within HL-type theories, namely the large value of

the cosmological constant, as there is a descrepancy of at least 60 orders of mag-

nitude between the value demanded by detailed balance [180] and the observed

one. It is discussed in [181] that adding the effects of very large vacuum energy of

quantum matter fields may cancel out the negative sign and magnitude of the bare

cosmological constant leaving the tiny observed residual. There is also problem of a

huge predicted value for the quantum vacuum (review in [187]), as there is a large

difference between the magnitude of the vacuum energy expected from zero-point

fluctuations and scalar potentials and the observed value, and maybe those issues

have common solution.

Taking into account various problems and contradicting statements in the works

studying different HL-type theories from the analytical side, it is worth to investigate

how different formulations fit the observational data. Currently Hořava gravity and

its extensions are not ruled out observationally (although the recent binary neutron

star merger GW170817 [108] provides tight bounds on some parameters [157]); thus

further observational constraints should either rule out its specific scenarios or the
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whole model, or in case of agreement with observations provide a better justifica-

tion for deeper theoretical research. It is still believed that HL theory might provide

a promising cosmological scenario solving some shortcomings of classical GR, like

non-renormalisability. We are actually interested in fitting cosmological scenarios

predicted by different version of HL theories to existing observational data. We be-

lieve that it is a separate issue from theoretical analysis, as observational constraints

may provide valuable input for theoretical analysis.

Studies providing bounds on HL theory constants and parameters based on ob-

servational data already exist in the literature. Some are based on the two simplest

HL scenarios and quite old cosmological data, like [171] (non-projectable version

with and without detailed balance). Others like [173] fit data to the more general

extension of Horava theory [77], and also consider linear perturbations around that

background. However, this research is based on a flat model (in our case the curva-

ture density parameter is left as a free parameter). As a part of a bigger project we

would like to place new bounds on parameters appearing in Hořava-Lifshitz cos-

mology based on the more recent data. As a first step we would like to fit the data

to the two simplest cosmological models. We will look at scenarios based on the

original Hořava formulation [76, 163] with detailed balance condition imposed, as

well as one with this condition relaxed and with the generalised form of the grav-

itational action (Sotiriou-Visser-Weinfurtner (SVW) generalisation) [176]. This way

we can see the effect of applying newer observational data and different parameter-

isation on the values of HL cosmological parameters. In the next step we are going

to include bigger sets of data, like PANTHEON SN1a catalogue [188] and gamma-

ray bursts [189] and/or apply it to a more general HL formulation, like [77] - the

so called "healthy" or "consistent" extension of the original formulation. There are

works [173] putting constraints on this extension written in the effective field the-

ory framework, but the latter is based on a flat background, limiting the number of

parameters. In this work we have focused on a simpler cosmological model and a

smaller data set in order to better capture the influence of new data on the model as

compared to earlier works. We also used the least number of free parameters and

more natural parameterisation of the other ones. By increasing the size of the data

sets incrementally we gain a better understanding as to the sensitivity of the model
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to data with higher resolution and range.

In this chapter, we provide improved observational constraints on two basic HL

scenarios, which are based on the most recent cosmological data set from Cosmic

Microwave Background (Planck CMB) [190], expansion rates of elliptical and lentic-

ular galaxies [191], JLA compilation (Joint Light-Curve Analysis) data for Type Ia

supernovae (SneIa) [192], Baryon Acoustic Oscillations (BAO) [193–195] and priors

on the Hubble parameter [196]. These updated observational results, together with

an alternative parameterisation of the Friedmann equations, provided much tighter

constraints on parameters of the HL-type theories, more prone to further observa-

tional verification.

The chapter is organised as follows: in Section 4.2 we go through brief review of

Hořava-Lifshitz cosmology and describe our setup for observational constraints in

two cases, the original one and the SVW generalisation [176]. In Section 3 we present

the new bounds on the theory parameters, based on a large updated cosmological

dataset, and we conclude in Section 4. The details of our numerical analysis are

presented in the Appendix.

4.2 Hořava-Lifshitz Cosmology

4.2.1 Detailed Balance

A way to simplify the action (2.22) is to impose the so-called detailed balance condi-

tion, in which we assume that it should be possible to derive V from a superpotential

W [76, 177, 180]:

V = EijGijklEkl , Eij =
1
√

g
δW
δgij

, (4.1)

and

G ijkl =
1
2

(
gikgjl + gil gjk

)
− λgijgkl . (4.2)
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From this requirement, the most general action for Hořava-Lifshitz gravity is given

by [177]:

Sdb =
∫

dt d3x
√

gN

[
2
κ2

(
KijKij − λK2

)
+

κ2

2ω4 CijCij − κ2µ

2ω2
εijk
√

g
Ril∇jRl

k

+
κ2µ2

8
RijRij +

κ2µ2

8(1− 3λ)

(
1− 4λ

4
R2 + ΛR− 3Λ2

)]
,

(4.3)

where

Cij = εikl∇k

(
Rj

l −
1
4

Rδ
j
l

)
(4.4)

is the Cotton tensor, εikl is the totally antisymmetric tensor, and the parameters κ, ω,

and µ have mass dimension−1, 0, and 1, respectively. The action (4.3) for HL gravity

has been obtained from the original one [76] by carrying out an analytic continua-

tion (e.g. [184]) of constant parameters: µ 7→ iµ and ω2 7→ −iω2. This enabled

to obtain positive values of the cosmological constant Λ (that correspond to current

observational results) in the low energy limit of the theory, unlike in the original

formulation.

The coupling parameter λ is dimensionless. In general, it runs (logarithmically

in the high energy limit – in UV) and may eventually reach one the three infrared

(IR) fixed points ([76]): λ = 1/3, λ = 1 or λ = ∞. The range 1 > λ > 1/3 leads

to ghost instabilities in the IR limit of the theory [197]. However, this range of λ

is exactly the flow-interval between the UV and IR regimes. The only physically

interesting case that remains, allowing for a possible flow towards GR – at λ = 1

– is the regime λ ≥ 1. Region λ ≤ 1/3 is disconnected from λ = 1 and cannot be

included in realistic considerations.

We expect that the action (4.3) corresponds to the Einstein-Hilbert near the IR

limit of the theory. This happens for the speed of light c and gravitational constant

G expressed in terms of HL parameters as follows:

G =
κ2

32πc
, c =

κ4µ2Λ
8(3λ− 1)2 . (4.5)
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In order to study cosmology in this model it is necessary to populate the Uni-

verse with matter and radiation. Since we are interested in the phenomenologi-

cal bounds on such a theory we will introduce a cosmological energy-momentum

tensor into the modified Einstein field equations with the simple demand that the

standard general relativistic expression is recovered in the infrared limit. Therefore,

as it is described in one of our previous papers [170], we equip our Universe with

a hydrodynamic approximation where pm and ρm (pressure and energy density of

the dark plus baryonic matter) are parameters subject to the continuity equation

ρ̇m + 3H(ρm + pm) = 0. We also include a standard model radiation component

through pr and ρr (note that we already have a cosmological constant Λ in Sdb),

which are also subject to the evolution equation ρ̇m + 3H(ρm + pm) = 0.

Moreover, we use the projectability condition N = N(t) [76] and the standard

FLRW line element: gij = a2(t)γij, Ni = 0, where γij is a maximally symmetric

constant curvature metric:

γijdxidxj =
dr2

1− Kr2 + r2dΩ2, (4.6)

values K = {−1, 0, 1} corresponds to closed, flat, and open Universe, respectively.

On this background

Kij =
H
N

gij , Rij =
2K
a2 gij , Cij = 0 , (4.7)

where H ≡ ȧ/a is the Hubble parameter.

The equations of motion are obtained by varying the action (4.3) written in the

FLRW metrics with respect to N and a. After that lapse is set to one: N = 1 (if it was

set so at the beginning, standard Friedmann equations would have been obtained)

and terms with density ρ and pressure p are added). This leads to the Friedmann

equations for the projectable Hořava-Lifshitz universe under detailed-balance con-

dition:

(
ȧ
a

)2

=
κ2

6(3λ− 1)
[ρm + ρr] +

κ2

6(3λ− 1)

[
3κ2µ2K2

8(3λ− 1)a4 +
3κ2µ2Λ2

8(3λ− 1)

]
−

κ4µ2ΛK
8(3λ− 1)2a2 ,

(4.8)
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d
dt

ȧ
a
+

3
2

(
ȧ
a

)2

= − κ2

4(3λ− 1)
[pm + pr]−

κ2

4(3λ− 1)

[ κ2µ2K2

8(3λ− 1)a4−

− 3κ2µ2Λ2

8(3λ− 1)

]
− κ4µ2ΛK

16(3λ− 1)2a2 .

(4.9)

We can introduce in the above equations the dark energy parameters, namely energy

density ρDE and pressure density pDE, defined as follows:

ρDE|db :=
3κ2µ2K2

8(3λ− 1)a4 +
3κ2µ2Λ2

8(3λ− 1)
, (4.10)

pDE|db :=
κ2µ2K2

8(3λ− 1)a4 −
3κ2µ2Λ2

8(3λ− 1)
. (4.11)

Setup for Observational Constraints

Here we describe the theoretical setup which made it possible to constrain the pa-

rameters of the theory. Introducing natural units 8πG = 1 = c and taking the IR

limit λ = 1 reduces relations (4.5) to the following ones:

κ2 = 4, µ2Λ = 2. (4.12)

Substituting these values to the the Friedmann equation (4.8) leads to:

(
ȧ
a

)2

=
1
3
(ρm + ρr) +

1
3

(
3K2

2Λa4 +
3Λ
2

)
− K

a2 , (4.13)

We also define in the IR limit the canonical density parameters for the current uni-

verse a0 = 1 (subscript 0 indicates the value as measured today) as follows

Ω0
m =

ρm

3H2
0

, Ω0
r =

ρr

3H2
0

, Ω0
k = −

K
H2

0 a2
0

, (4.14)

where H0 is the Hubble parameter. Using these parameter we rewrite equation (4.13)

as follows:

(
ȧ
a

)2

= H2
0

[
Ω0

ma−3 + Ω0
r a−4 + Ω0

ka−2 +
(Ω0

k)
2H2

0

2Λ
a−4 +

Λ
2H2

0

]
, (4.15)
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where the last two term correspond to dark energy density parameter obtained from

equations (4.10) and (4.14):

ΩDE =
ρDE|db

3H2
0

=
(Ω0

k)
2H0

2Λ
a−4 +

Λ
2H2

0
. (4.16)

In the above Friedmann equation (4.15) we encounter the term Ω2
k H2

0 /2Λa4, which

is the coefficient of dark radiation in Hořava-Lifshitz. We can conveniently express

this in terms of the effective number of neutrino species present in the BBN époque.

This is because the dark radiation must have been present during that time and is

thus subject to BBN constraints from other experiments. As such, we can obtain a

constraint equation for the dark radiation component [198, 199]:

(Ω0
k)

2H2
0

2Λ
= 0.135∆NνΩ0

r , (4.17)

where ∆Nν is the deviation of the effective number of massless neutrino species

from the standard ΛCDM value (Nν = 3 + ∆Nν). There are already several bounds

on ∆Nν from different experiments. The limits from [199, 200]: −1.7 ≤ ∆Nν ≤ 2.0

originate from a BBN analysis, and in [201], the authors use data from BBN and CMB

(Planck) to arrive at an upper limit of ∆Nν < 0.2. Moreover, using Planck CMB data,

the authors of [202] arrive at the limits −0.32 ≤ ∆Nν ≤ 0.44 (TTTEEE+lensing).

Other approaches and bounds can be found in [203, 204], for example. Through the

relation (4.17) we see that ∆Nν = 0 leads to the possibility of a flat Universe. This

is concerning, since it has been established that a flat Hořava-Lifshitz coincide with

the standard ΛCDM model [165, 166]. Therefore the constraints on the curvature

parameter Ωk and the BBN neutrino parameter ∆Nν are of utmost importance, and

they have been left as free parameters in our analysis. That is, we have not imposed

the BBN limit on ∆Nν, but the limits we found on this parameter automatically sat-

isfied the BBN constraint. Now, since all the density parameters have to add up to

unity we have:

Ω0
m + Ω0

r + Ω0
k +

(Ω0
k)

2

4 · 0.135∆NνΩ0
r
+ 0.135∆NνΩ0

r = 1, (4.18)
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and we can rewrite the Friedmann equation (4.15) as:

(
ȧ
a

)2

= H2
0

[
Ω0

ma−3 + Ω0
r a−4 + Ω0

ka−2 +
(Ω0

k)
2

4 · 0.135∆NνΩ0
r
+ 0.135∆NνΩ0

r a−4

]
,

(4.19)

and this is the equation that we have used in our MCMC analysis of detailed balance.

4.2.2 Beyond Detailed Balance

Since there has been a discussion in the literature about whether detailed balance is

too restrictive ([75, 165, 166]) it is important to investigate the case when we do not

impose this condition. When we relax the detailed balance condition we open up

for including more terms into the potential V . In this case, the Friedmann equations

can be expressed as [177, 179]:

(
ȧ
a

)2

=
2σ0

3λ− 1
(ρm + ρr) +

2
3λ− 1

[
Λ
2
+

σ3K2

6a4 +
σ4K
6a6

]
+

σ2

3(3λ− 1)
K
a2 , (4.20)

d
dt

ȧ
a
+

3
2

(
ȧ
a

)2

= − 3σ0

3λ− 1
ρr

3
− 3

3λ− 1

[
−Λ

2
+

σ3K2

18a4 +
σ4K
6a6

]
+

σ2

6(3λ− 1)
K
a2 ,

(4.21)

where σi are arbitrary constants (σ2 < 0) and in analogy with the detailed balance

scenario:

G =
6σ0

16π
,

σ2

3(3λ− 1)
= −1. (4.22)

Dark energy and pressure densities may be defined as follows:

ρDE|bdb := 3
(

Λ
2
+

σ3K2

6a4 +
σ4K
6a6

)
, (4.23)

pDE|bdb := 3
(
−Λ

2
+

σ3K2

6a4 +
σ4K
6a6

)
. (4.24)

Setup for Observational Constraints

Here, we follow the setup for the detailed balance scenario, with 8πG = 1 = c, and

the same definition of the density parameters (Ω0
X). Following the notation in [171]

we introduce similar parameters in the IR limit λ = 1:

ω1 =
Λ

2H2
0

, ω3 =
σ3H2

0 Ω0
k

6
, ω4 = −

σ4Ω0
k

6
, (4.25)
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and introducing the following Bing Bang nucleosynthesis (BBN) constraint [198]:

ω3 + ω4(1 + zBBN)
2 = 0.135∆NνΩ0

r , (4.26)

where zBBN is the redshift at BBN (∼ 4 × 108). Moreover, we have the following

constraint on the density parameters:

Ω0
m + Ω0

r + Ω0
k + ω1 + ω3 + ω4 = 1. (4.27)

Using the above two equations to eliminate ω4 along with the σ-parameters, we can

rewrite the Friedmann equation (4.20) for the beyond detailed balance scenario as:

(
ȧ
a

)2

= H2
0

[
Ω0

ma−3 +
(
Ω0

r + ω3
)

a−4 + Ω0
ka−2 + ω1 +

0.135 · ∆NνΩ0
r −ω3

(1 + zBBN)2 a−6
]

.

(4.28)

This is the equation we have used in our MCMC analysis of the beyond detailed

balance scenario. Additionally, the dark energy density parameter can be written as:

Ω0
DE = ω1 + ω3 + ω4 = ω1 + ω3 +

0.135 · ∆NνΩ0
r −ω3

(1 + zBBN)2 . (4.29)

4.3 Results and Discussion

Using the equations (4.8) and (4.20) as a starting point, we now want to find the

parameter set which best fits the data. To do this we use a large updated data set

with CMB (Planck), SN1a, BAO and more (see Appendix for details). In order to

do this, we used a Markov-Chain Monte Carlo (MCMC) method, which was eval-

uated on the CIŚ computer cluster. The parameters are completely unconstrained

but are given initial guesses, which speed up computation. We introduced a Gaus-

sian prior on one parameter: H0, derived from the Hubble constant value in [196],

H0 = (69.6± 0.7) km s−1 Mpc−1. That was the only prior imposed on any of the

parameters. During every step in the computation, the MCMC method calculates

the χ2, and in the end returns the parameter set which minimised the χ2 function.

This way, we are able to obtain information about the posterior probability distribu-

tion without knowing it explicitly. For full details about the data and method, see
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Appendix.

4.3.1 Detailed Balance

To derive the constraints on the detailed balance scenario, we used Eq. (4.19) and

(4.19) in our MCMC method. As the detailed balance equations are relatively simple

there was no need to introduce many constraints, and the parameters ∆Nν has been

left completely free in this section. One interesting result is that we find significant

evidence for positive spatial curvature at 3σ confidence (see Figure 4.1). This is an

encouraging prospective observational signal, since any measurement of positive

spatial curvature would be a step towards validating this model. Parameters with

1σ limits are presented in Table 4.1.

In our analysis, the parameters H0, Ω0
m, Ω0

r all have familiar and reasonable

bounds. The parameters which stand out are Ω0
k , ∆Nν and Λ. Our initial simulations

revealed that the spatial curvature is actually significantly different from zero, and,

instead of expressing the parameters ω in terms of the above parameters as in [171],

we have chosen to leave it as ω = Λ/2H2
0 . Therefore there was no need to split the

analysis in Ω0
k > 0 and Ω0

k < 0. Through Eq.(4.17), a non-zero spatial curvature au-

tomatically leads to a non-zero ∆Nν. Previous works, like [171], have also used ∆Nν

as a free parameter, but with this updated data set and different parametrisation we

arrive at different results and parameter bounds (compared, for example, to [171]).

In this scenario the value of Λ ∼ 0.676 · 10−35 s−2 ∼ 0.836 · 10−52 m−2 and the cosmo-

logical constant in the ΛCDM model is of the same order ΛΛCDM ∼ 1.11 · 10−52 m−2

[190]. There is a marginal difference but the overall magnitude is still much smaller

than the lower bound on ΛHL estimated by the energy scales at which Lorentz in-

variance breaking remains undetected in sub-mm precision tests. Authors of [178,

180, 185] provide a rough estimation for the lower bound of ΛHL to be somewhere in

the range from 1–100 meV2 (at least) in natural units, which converts to 107–109 m−2

in metric units. The issue of the huge bare value of the cosmological constant de-

manded by the need for suppression at IR limit of fourth-order operators appearing

in the HL action is discussed in the literature, eg. [180, 181] and references therein,

that is why the obtained numerical value should be viewed from that perspective.
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Additionally, through µ2Λ = 2, µ acquires finite values, unlike the results in [171],

where Λ is bound by zero from below, and µ is unbounded from above.

Moreover, using Eq. (4.16) we arrive to the bounds Ω0
DE = 0.686 ± 0.015 at

3σ. This is very close to that from Planck 2015 [190] where the tabled value is

Ω0
DE = 0.6911 ± 0.0062 at 1σ and to the result from [173]. This is interesting as

the authors of the latter use effective field theory and a “healthy extension” of HL

theory [77] to constrain Hořava-Lifshitz cosmology against data. They arrive at the

value Ω0
DE = 0.69± 0.02 at 3σ, which is in close agreement to our findings, although

they used not only background Friedmann equation as we do, but also considered

linear perturbations on this background. We also use a different HL model, so our

background equation (4.15) is slightly different from their Friedmann equation (46).

Except different parameters of the theory, (4.15) here contains also curvature term,

which arrived to be non-zero, but it does not include massive neutrinos explicitly, as

it is contained in eq. (46) of (4.15). In contrast, our results differ from those in [171]

which uses older data, and this strengthens the case that our results are more accu-

rate, as we use similar background equation.

0.0028 0.0024 0.0020 0.0016
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FIGURE 4.1: 1, 2, and 3σ contours of the curvature parameter Ω0
k and

the dimensionless Hubble parameter h under detailed balance. Solid
(blue) colour corresponds to the 1σ limit. Spatial flatness (Ω0

k = 0) is
excluded at more than 3σ.
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Parameter DB: 1σ limits BDB: 1σ limits

Ω0
m 0.316± 0.0054 0.324± 0.0068

Ω0
k (−2.27± 0.25) · 10−3 (−3.30± 0.20) · 10−3

Ω0
r (9.08± 0.10) · 10−4

(
9.24+0.17

−0.21

)
· 10−4

Ω0
DE 0.686± 0.0053 0.679± 0.0061

H0 68.530± 0.413 69.630± 0.635

∆Nν 0.155± 0.033 0.54+0.15
−0.21

Λ
(

0.676+0.125
−0.128

)
· 10−35

(
0.691+0.147

−0.146

)
· 10−35

σ1/H2
0 - 4.073± 0.038

log σ3H2
0 - 0.4+1.0

−1.7

TABLE 4.1: Constraints on the parameters from both scenarios: de-
tailed balance (DB) and beyond detailed balance (BDB) (The units of
H0 are km·s−1·Mpc−1 and of Λ are s−2). A dash (-) indicates that a

parameter is not used in that particular model.

4.3.2 Beyond Detailed Balance

To obtain constraints on parameters in the beyond detailed balance scenario we used

equations (4.26), (4.27), and (4.28) in the same MCMC method as for detailed bal-

ance. Here, we introduced another constraint equation in order to make sure that

the Hubble parameter is always completely real. From equations (4.23) and (4.26)

it is possible to identify a generalised dark energy density. As such, this energy

density has to be larger than zero. In this way we obtain real values of the Hubble

parameters while only making physical assumptions. The constraint can be written
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as:

ρDE|bdb = 3H2
0

[
ω1 + ω3a−4 + ω4a−6

]
= 3H2

0

[
ω1 + ω3a−4 +

0.135 · ∆NνΩr −ω3

(1 + zBBN)2 a−6
]
> 0.

(4.30)

Using the equations and constraints mentioned above we carried out an MCMC

analysis of the beyond detailed balance model. All the results are shown in Table 4.1.

Here, it is interesting to note that in this scenario we find evidence for positive spa-

tial curvature at 1σ: Ω0
k = −0.0033± 0.0020. The contours showing this is plotted

against h in Figure 4.3. Here, the marginalised probability for Ω0
k in detailed balance

is completely contained inside the beyond detailed balance scenario, away from the

best-fit value. This can be seen in Figure 4.2.

0.010 0.008 0.006 0.004 0.002 0.000 0.002 0.004

Ωk
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FIGURE 4.2: Marginalised constraints of the curvature parameter
Ω0

k . The dashed (blue) curve represents the detailed balance sce-
nario while the solid (red) curve shows beyond detailed balance. The
detailed balance scenario is completely contained within beyond de-

tailed balance.

Moreover, the parameter σ3H2
0 seems to acquire a log-normal distribution, and the

two-sided confidence intervals for this parameter must be considered unreliable.

Because of the log-normal distribution, however, it was possible to find limits on

log σ3H2
0 , which is shown in Figure 4.4. The errors on this parameter are very large,
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FIGURE 4.3: 1, 2, and 3σ contours of the curvature parameter Ω0
k and

the dimensionless Hubble parameter h in the beyond detailed bal-
ance scenario. Solid (blue) colour corresponds to the 1σ limit. Spatial

flatness is excluded at 1σ.

which is an artefact of the log-normal distribution which has long tails on both ends.

We express the two σ parameters as σ1/H2
0 and σ3H2

0 (see Eq. (4.25)) as there is no

need to specify units or value for H0.

It is also worth noting that it is possible to differentiate between the two scenar-

ios by looking at the neutrino species parameter ∆Nν. As can be seen in Figure 4.5,

only some of the marginalised probability of the detailed balance model is contained

within the range of beyond detailed balance, and a large part of the curve lies out-

side. Thus, ∆Nν is a promising parameter to help differentiate between the two

scenarios. Remarkably, the lower bound of ∆Nν from Table 4.1 is in conflict with the

bound (∆Nν < 0.2) derived from BBN and Planck CMB (mentioned in Section 2.2.1).

In fact, looking at the 2σ and 3σ bounds on ∆Nν (0.21, 0.17) we see that our analysis

yields a significantly different result at more than 2σ confidence.

Using Eq. (4.29) we find the bounds Ω0
DE = 0.678+0.017

−0.019 at 3σ confidence level, which

is close to the value from Planck 2015 (Ω0
DE = 0.6911 ± 0.0062 at 1σ), but not as

close as for the detailed balance scenario. This is mainly due to different estimated
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FIGURE 4.4: Marginalised constraints of the parameter log (σ3H2
0).

The slightly elongated tail on the right hand side shifts the mean away
from 0.

values of Λ/2H2
0 , makes up the main part of Ω0

DE in both scenarios. Beyond de-

tailed balance parameters at 3σ are ω1 = 0.679+0.017
−0.019 (the leading term in Ω0

DE),

ω3 = (2.05+4.38
−2.04) · 10−6 and ω4(1 + zBBN)

2 = (4.18 · 10−6)+0.0056
−0.0064 (the errors on ω3

and ω4 are very large, so only order is relevant here).

4.4 Conclusions

Using an updated cosmological data set we calculated new observational constraints

on cosmological parameters of different formulations of Hořava-Lifshitz gravity.

Unlike in the previous approaches [171] we use a different parametrisation of our

parameters, the most important one is treating Ω0
k (together with ∆Nν) as completely

free parameter. This allowed us to avoid the splitting of considerations and calcula-

tions into two separate cases of negative and positive curvature parameters that was

used before.

We investigated two basic Hořava-Lifshitz scenarios, the one with detailed bal-

ance condition imposed in the action and the other one, the so called Sotiriou-Visser-

Weinfurtner (SVW) generalization [176], which relaxes this condition and assumes

higher order, i.e. cubic terms in the action. We found very remarkable results,

namely detailed balance scenario exhibits positive spatial curvature to more than
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FIGURE 4.5: Marginalised constraint of the parameter ∆Nν. The
dashed (blue) curve represents the detailed balance scenario, and the
solid (red) shows beyond detailed balance. The two scenarios only

shows a small amount of overlap.

3σ whereas for the SVW generalization there is evidence for positive spatial curva-

ture at 1σ, which could be a smoking gun for observations. Some of our parameters

differ quite a lot from previous works, but as we have some different assumptions

(for example, in [171] the parameter ω3 is assumed to be positive for convenience),

different values are to be expected.

The best fit value of the parameter ∆Nν (kept as a completely free parameter of

the theory) at 1σ is definitely positive and within BBN limits, as well as within some

of the bounds from CMB. Since there is a variety of papers with different bounds on

∆Nν available, it is unclear which one should compare to. In general, more data is

needed to make a final verdict on this issue, and we aim to address this in future

work as it becomes available. Our analysis, however, excludes from both scenarios

the zero-curvature flat universe and corresponds to the non-zero positive cosmo-

logical constant Λ. This means that we might expect late-time cosmological CPT

violation as in ΛCDM and Doubly General Relativity (see Section 2.2).

Most values of the parameters of the theory are similar as in ΛCDM model. For

example, our values for Ωm = 0.316± 0.0054(0.324± 0.0068) for detailed balance

(beyond detailed balance) are both within 1σ of ΛCDM [190]. We are also close to

the dark energy density parameter, as discussed in Section 4.3.1. However, what sets
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the HL model apart is the non-zero curvature parameter Ωk. We found it to be differ-

ent from zero to 1σ (3σ). We also found bounds on the Hořava-Lifshitz parameters

σ1 and σ3, which enter the Lagrange density when Lorentz invariance is no longer

imposed. We found that σ1H2
0 = 4.073± 0.038 and log σ3H2

0 = 0.4+1.0
−1.7. According to

Planck 2015 (when including BAO’s) Ωk is a Gaussian centered around zero [190].

As our analysis also includes BAO’s, further investigation of this parameter may be

the way to finally exclude one of these models. Naively, one must still prefer the

ΛCDM model, as it has fewer parameters than HL and fits the data well. However,

bearing in mind the theoretical basis of HL cosmology (candidate for a UV-complete

theory of gravity) there are, in our opinion, plenty of reasons to keep investigating

this model.

It is also worth mentioning that different experiments measuring the Hubble con-

stant H0 provide different values (the so-called H0 tension). Our results: 68.5 ± 0.4

and 69.6 ± 0.6 km s−1 Mpc−1 for detailed balance and beyond detailed balance, re-

spectively, lie close to the Planck 2018 result 67.27 ± 0.6 km s−1 Mpc−1 in mean,

but our 1σ confidence levels overlap with those from e.g. strong gravitational lens-

ing, 71.9+2.4
−3 [205] and lies close to those of cosmic ladder experiments like the Sh0es

project, where the Hubble constant was found to be 73.8 ± 2.4 km s−1 Mpc−1 [206].

However, this experiment used a Gaussian prior on H0 which we have also done, so

this agreement might be an artifact of this choice. In short, H0 is not a good parame-

ter for differentiating between HL models or to cast any light on the H0 tension.

In this chapter we were mostly interested in the IR regime of the HL theory and

wanted to know if the values of cosmological observables predicted within the con-

sidered models fit observational data, and also whether they may be used to dis-

tinguish HL cosmology from GR, even in the low-energy limit. Therefore we set

the value of the running coupling parameter λ to its IR value: λ = 1. There are

works [207] where authors estimate the value of λ using similar low-energy data

sources (however, our data is more recent), providing that this value is restricted

to |λ − 1| ≤ 0.02 at 1σ. At the moment we are performing calculations within

more general formulation of the theory [77] and wider observational data, with more

high-energy sources, where we also investigate the impact of running of λ on other

results [231].
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RECENTLY, various measurements of the Hubble constant, H0, have revealed

a discrepancy between the value at high and low redshift, respectively. In

fact, this discrepancy has been confirmed by many independent observations (using

ΛCDM as a background model) at low (quasars [212], gravitational waves [213–215],

Cepheid stars [216–218]) and high redshift (Cosmic Microwave Background [219],

Baryon Acoustic Oscillations [220, 221], the inverse distance ladder [222, 223]). The

difference in the value of the H0 from these different observations lie around 4% -

9%. Many scenarios have been put forth as explanations or alleviations of the H0

tension, for example dynamical dark energy [224], screened fifth forces [225], the

late decay of dark matter [226] and more, but the H0 tension has proved diffcult

to resolve. In this chapter we investigate the presence of a preferred frame in the

Universe and its effect of the H0 tension. Working in the beyond detailed balance

scenario in Hořava-Lifshitz gravity from Chapter 4 the we constrain the discrepancy

between our local frame and the preferred frame; moreover, we suggest that part of

the Hubble constant discrepancy is due to Lorentz violation in the ultraviolet regime.

5.1 Bounds on Hořava-Lifshitz Gravity from the H0 Tension

5.1.1 H0 tension as a preferred-frame effect

In [227] the authors suggest that the discrepancy [216, 228] between the value of

the Hubble parameter H0 from CMB measurements and from local data is in fact

a reference-frame artefact. Since Hořava-Lifshitz gravity is based on a preferred

frame (see Section 2.4.2) is it natural to also pose this question in this model. Fol-

lowing [227] we use a flat FLRW metric and define a geodesic observer in the CMB

frame as vµ = (
√

1 + (ζ/a)2, 0, 0, ζ/a2), where ζ is a parameter and a is the FLRW

scale factor. For this observer, the metric takes the form:

ds2 = −dT2 + a2(T; Z)
(
dX2 + dY2 + (1 + (ζ/a)2)/(1 + ζ2)dZ2) . (5.1)
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Following [227] we use the transformation which relates the Hubble constant in the

local geodesic frame to that in the CMB frame:

HCMB
0

Hlocal
0

=
1√

1 + ζ2
. (5.2)

Hence, the local measurement has to be larger than or equal to its CMB counterpart.

The two values will coincide when ζ → 0. We find the low and high redshift val-

ues of the Hubble parameter using a Markov-Chain Monte Carlo analysis. Here,

we adopt a methodology similar to [229] by using several different data sets from a

wide, yet local, redshift range. For the local value of the Hubble constant we use the

PANTHEON dataset of supernovae type Ia [188], along with expansion rates of ellip-

tical and lenticular galaxies [191], gamma-ray bursts [189] and quasars [230]. These

sources are all within redshift range 0.01 < z < 8.2, a large redshift range with mul-

tiple sources which we define as our “local“ frame, as compared to the z ∼ 1040 for

the CMB frame. For details of the method, see [27] and for a detailed discussion of

how to obtain cosmological parameters in Hořava-Lifshitz gravity, see [231]. We find

that Hlocal
0 = 70.18± 0.02 km s−1 Mpc−1 at 99.7%. Moverover, for the high-redshift

(early Universe) value of the Hubble parameter we use Planck CMB data [219]. We

find that, at 99.7%, the Hubble constant is 67.21+5.1
−4.4 km s−1 Mpc−1, and using these

two values of the Hubble constant in (5.2) we find that the parameter ζ, quantify-

ing the discrepancy between the local frame and CMB frame, is (disregarding any

negative values in order to keep ζ real):

0 ≤ ζ2 ≤ 0.25. (5.3)

As suggested in [227] we have found bounds on the parameter ζ from observations

of the Hubble parameter. Thus, ζ defines a geodesic reference frame where the ob-

served H0 tension would emerge naturally.

5.1.2 The H0 tension and the Hořava-Lifshitz coupling parameter λ

It is known that in Lorentz-violating field theories, the gravitational constant mea-

sured locally, Glocal does not coincide with the cosmological one [88]. In fact, we will
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show that also the gravitational constant can be thought of as frame dependent, and

we will give it a superscript, GCMB, to show that this is the value in the CMB frame.

In the beyond detailed balance scenario, we may derive from Eq. (4.28) that the value

of the gravitational constant at different energy scales are related by a single Hořava

parameter [207]:

GCMB =
2

3λCMB − 1
Glocal, (5.4)

where the superscript on λ is to highlight that it is the value of λ at the time of

recombination. The infrared fixed point λ → 1 represents General Relativity, which

is also when GCMB = Glocal. Clearly, in this scenario, dynamics will be different on

cosmologcal scales. This also has implications for the Hubble tension. We can write

down a general form of the first Friedmann equation in the two frames as:

(HCMB
0 )2 =

8π

3
GCMBρ0 (5.5)

(Hlocal
0 )2 =

8π

3
Glocalρ0 (5.6)

where ρ0 is the total energy density, which is the same in the two frames. On this

basis we arrive to the same as Eq. (5.5) by dividing (5.5) by (5.6):

(
HCMB

0

Hlocal
0

)2

=
GCMB

Glocal =
2

3λCMB − 1
. (5.7)

In the above relation we have to assume that Lorentz violation only contributes to

the Hubble tension rather than being the only cause of it. In light of this it would be

more accurate to write the right-hand side as 2/(3λCMB − 1) + f (θ), where f (θ) is

an unknown function of one or more parameters. We can now use available Hubble

constant data to put constraints on the parameter λ, and also estimate the contribu-

tion of Lorentz violation to the Hubble tension.

Constraints on λCMB

Currently, the most accurate measurements of the Hubble constant come from the

local distance ladder (74.03± 1.42 km s−1 Mpc−1 [216, 228, 232]) and Planck CMB

(67.4± 0.5 km s−1 Mpc−1 [219]). Ignoring any model dependence of these bounds
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we use Eq. (5.7) to find that λCMB = (0.86, 0.92) at 99.7%. Note that loverlook-

ing the model dependence of these constraints is a strong assumption (especially

for the CMB value). Also note that all bounds on λ (with one exception) are de-

rived constraints; in [231] we consider λ a free parameter and place constraints on

it from cosmological data. This can be compared to the limits on H0 which we ob-

tained in Hořava-Lifshitz using the beyond detailed balance formulation (Hlocal
0 =

70.18± 0.02 km s−1 Mpc−1, HCMB
0 = 67.21+5.1

−4.4 km s−1 Mpc−1). Indeed, using those

values of the Hubble parameters we arrive at 0.95 ≤ λCMB ≤ 1.16 at 99.7% con-

fidence level. The bounds on λCMB from local distance ladder and Planck data

are problematic, since 1/3 < λ < 1 generally leads to ghost instabilities in the IR

limit [197], whereas the limit from the Hubble parameters found from MCMC anal-

ysis of Hořava-Lifshitz still overlap with a non-pathological region.

From the same MCMC analysis which provided the bounds on the Hubble pa-

rameters we also obtained direct constraints on λCMB = 1.06 ± 0.024. This is en-

couraging, since the whole range lies in the non-pathological region for λ; however,

these constraints are less stringent than those in [231] and should be seen as indica-

tive only. A summary of all derived limits can be seen in Table 1.

Constraints on the Hubble parameter

Using available constraints on λ we can get a value of the Hubble tension through

Eq. (5.7). To our knowledge there is only one bound in the published literature,

namely λ = (0.97, 1.01) [207]. Using this we find that HCMB/Hlocal = (0.98, 1.01).

This can be compared to the value from local distance ladder and Planck CMB mea-

surements, where the same ratio works out to HCMB/Hlocal = (0.89, 0.94). The

central value of this interval is 0.915, leading to a Hubble tension of 8.5%. Taking

a conservative approach we use the upper bound of the calculated Hubble ratio

from [207] and comparing to the observed 8.5% Hubble tension means that in this

scenario, Lorentz violation can be the source of up to 12% of the Hubble tension. It

is important to keep in mind that the constraints on λ in [207] were derived using

a large set of cosmological data from both high and low redshift, and the resulting

value must be considered an average λ. However, since it is the only (to our knowl-

edge) published constraint on λ so far, we have used it, keeping in mind the above
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discussion. Since λ runs with energy we can assume that it was larger in the early

Universe and therefore likely contributes more to the observed Hubble tension than

our bound of ≤ 12% indicates.

We may also use our derived constraints on λCMB = (0.95, 1.16) and assuming

Lorentz violation is the only source of the Hubble tension, the corresponding tension

is 3.8%. By again comparing to the observed 8.5% this we can infer that, at 99.7%

confidence level, Lorentz violation can be the source of up to 44.7% of the Hubble

tension.

Finally, we may also use our direct constraint λCMB = 1.04± 0.024. In order to

find the most conservative estimate we use the upper bound of λCMB, which com-

bined with the measured Hubble tension of 8.5% leads to a possible contribution of

Lorentz violation of up to 38%. This is our main result.

Preferred frame Constraint

Hořava model + Planck CMB [219] 0 ≤ ζ2 ≤ 0.25

Constraints on λCMB from HCMB
0 Constraint

Hořava model + Planck CMB [219] λCMB = 1.06± 0.024

Derived from Hořava bounds on HCMB
0 0.95 ≤ λCMB ≤ 1.16

Hubble tension data Lorentz violation contribution

λ from [207] + MCMC analysis ≤ 12%

Derived from HCMB
0 + MCMC analysis ≤ 44.7%

Hořava model + Planck CMB [219] ≤ 38%.

TABLE 5.1: Summary table of constraints on preferred-frame effects
on the Hubble tension, as well as constraints on λ and the Lorentz

violation contribution to the Hubble tension.
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5.2 Cosmographic Analysis

Cosmography is a model-independent method for approximating the luminosity

distance and scale factor as a series expansion. In doing this one can obtain con-

straints on the expansion coefficients directly from data, without any of the underly-

ing assumptions except for homogeneity, isotropy, and fixed spatial curvature [233]

(for a discussion on cosmography in Hořava-Lifshitz gravity, see [234]). From the

expansion of the scale factor it is convenient to define the following quantities:

q = − 1
aH2

d2a
dt2 , j =

a
H3

d3a
dt3 , s =

a
H4

d4a
dt4 , l =

a
H5

d5a
dt5 , (5.8)

called deceleration, jerk, snap, and lerk, respectively. These quantities can be directly

bounded by observation, serving as a model-independent way of characterising the

cosmological behaviour of the Universe. For example, the deceleration parameter

measured today (denoted by index 0) is q0 < 0, indicating that the Universe is cur-

rently dominated by some kind of repulsive dark energy-type field, whereas s0 and

l0 characterise the dynamics of the early Universe.

We can rewrite Eq. (4.28) (in the flat case) to

(
ȧ
a

)2

=
2

3λ− 1

[
Ωma−3 + Ωra−4 + ΩΛ

]
, (5.9)

where we have also neglected the dark-radiation term since it will be of order 10−3

even in the very early Universe. As such, this simplified model represents flat

ΛCDM scaled by the parameter λ. Given Eqs (5.8) and (5.9), and using that Ωm =

0.324, Ωr = 9.24 · 10−3 [231], we find the values of the cosmographic parameters for

this model, which are presented in Table 2, for both λCMB = 1.06 and λCMB = 1.04

(we set λlocal to unity). Here, we have used the central values for λ. The values for

q0 and j0 are the same since those expressions are independent of λ. All of these

values lie within the 1σ likelihoods presented in [233]; therefore, they deviate very

little from the ΛCDM model. The cosmological behaviour of the cosmographic pa-

rameters can be seen in Figure 1.
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Using λCMB = 1.06 Using λCMB = 1.04

q0 -0.50 -0.50

j0 1.02 1.02

s0 -0.44 -0.45

l0 3.28 3.31

TABLE 5.2: Values of the cosmographic parameters using the central
values for λCMB.

FIGURE 5.1: Cosmological behaviour of the cosmographic functions
over time. Here, t = 1 represents the value today.

We now wish to examine the behaviour of luminosity distance, which can be

written as:

dL(z) =
1 + z

H0

∫ z

0

[
2

3λ− 1

(
Ωm(1 + z′)3 + Ωr(1 + z′)−4 + ΩΛ

)]−1/2

dz′. (5.10)

Here, we do not use a cosmographic expansion; instead, we wish to investigate how

the behaviour of dL(z) differs when using different values for H0 and λ. This can be

seen in Figure 2 along with flat ΛCDM for comparison. At redshift z = 8.2, which

is the upper limit for our non-CMB data, the two Hořava models differ from ΛCDM

by 3.6% and 9%, for the different values of λCMB, where the CMB frame discrepancy

is to be expected. The Hořava model approaches ΛCDM as λ→ 1.
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FIGURE 5.2: General behaviour of the luminosity distance dL as a
function of redshift.

In light of the above discussion we note the following: our Hořava-Lifshitz model

for flat FLRW is merely a scaling of the ΛCDM model, but with a running scaling

parameter; indeed, using the CMB value for λ to characterise all of cosmic evolution

is something of a worst-case scenario which gives rise to the discrepancy in the lumi-

nosity distance in Figure 2. This difference in luminosity distance functions should

actually make the Hubble tension even worse in Hořava-Lifshitz gravity, since the

discrepancy between the two Hořava curves is larger than compared to the ΛCDM

case.

Standard cosmography, where one uses a Taylor expansion of dL is only accurate

for very low redshift; however, it is possible to use Padé or Chebyshev polynomials

to get expansions valid out to redshift z ∼ 2− 3 [233, 235, 236]. Since we have used

analytic expressions for dL in this analysis (integrated numerically), it is unlikely that

using a series expansion will improve upon the situation, as our local data reaches

well beyond the convergence radius of the cosmographic method. Since our expres-

sions allow for the possibility of a tension in the Hubble parameter, and since the

cosmographic parameters in Table 2 are in agreement with data, we expect similar

behaviour as for ΛCDM, albeit with a larger Hubble tension. This may shrink to that

of ΛCDM if one consider the case of a dynamical λ.
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5.3 Discussion & Conclusions

In this article we have provided new bounds on preferred-frame effects and Hořava-

Lifshitz gravity through the H0 tension. Using a value for H0 in the CMB frame for

Hořava-Lifshitz gravity along with a local value, we were able to place bounds on

ζ, which determines the transformation from the CMB frame to the local geodesic

frame. In [15] the authors point out an interesting consequence of a preferred frame.

If the frame F moves relativistically with respect to the CMB frame, there would be

an observable effect in the form of a dipole anisotropy of high-energy cosmic rays in

the sky. In fact, according to [237], there are indications of this at intermediate scales

at 3.4σ significance, with no known specific sources in the direction of the hotspot.

These results are based on the observation of the northern hemisphere between May

2008 to May 2013, yielding 72 cosmic-ray events with energies higher than 57 EeV.

We have also founds tentative bounds on the Hořava-Lifshitz coupling param-

eter λ using Hubble constant data; we find that some of these bounds overlap sig-

nificantly with regions known to lead to ghost instabilities in the infrared limit of

the theory, but that some bounds also cover a non-pathological parameter space of

this model and discussed their implications. Furthermore, we have used available

bounds on λ to estimate how much Lorentz-violating effects could contribute to the

Hubble tension. Most significantly, we find that Lorentz violation can contribute to

up to 38% of the Hubble tension when using our own bounds on λ from the be-

yond detailed balance scenario along with Planck CMB data. We also derived the

cosmographic parameters for our model in a simple case. In light of this discussion

it would make sense to also consider Lorentz-violating field theories in the search to

find an explanation for the Hubble tension.
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Chapter 6. A 3+1 Decomposition of the Minimal Standard-Model Extension

Gravitational Sector

6.1 Introduction

LOCAL Lorentz invariance is one of the cornerstones of General Relativity (GR)

and modern physics. As such it is an excellent probe of new physics, and

Lorentz violation is a large and active area of research.[117] The Standard-Model

Extension (SME) is an often-used effective field theory framework which includes

all Lorentz and CPT violating terms.[12, 103, 104]

The 3+1 (ADM) version of GR is used in for example canonical quantum gravity

and numerical relativity.[4, 239] Here we present a 3+1 decomposition of the min-

imal SME gravity Lagrangian in the case of explicit Lorentz- symmetry breaking.

By decomposing spacetime into three-dimensional constant-time hypersurfaces (de-

noted Σt), we write the framework in a form which will allow for comparison and

matching to other gravity models.

FIGURE 6.1: Constant-time hypersurfaces Σ along with the ADM
variables.

6.2 General Decomposition

Using the ADM variables, the metric reads:

ds2 = −N2dt2 + γij

(
dxi + Nidt

) (
dxj + N jdt

)
, (6.1)
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where N is the lapse function and Ni is the shift vector. These ADM variables re-

late points on different constant-time hypersurfaces (see Figure 6.1), Decomposi-

tion of the manifold M → Σ × R induces the metric γµν = gµν + nµnν, where

nµ = (1/N,−Ni/N) is a vector normal to the foliation. The minimal gravitational

sector of the SME reads as [12, 240]

LmSME =

√−g
2κ

[
−uR + sµνRT

µν + tµναβWµναβ

]
, (6.2)

where κ = 8πG, RT
µν is the trace-free Ricci tensor, and Wµναβ is the Weyl tensor. u, sµν,

and tµναβ are the SME coefficient fields (mass dimension M0) controlling the size of

the Lorentz-violating terms (mass dimension 4). In the isotropic limit we can write

the above Lagrangian as:

LmSME,iso =

√−g
2κ

[
(4)sµν

(4)Rµν
]

, (6.3)

where a superscript (4) denotes quantities defined on M. Note that (4)sµν is CPT

even, and we can not expect manifest CPT violation except in spacetimes with hori-

zons [25]. Here, we focus on explicit symmetry breaking so that dynamical terms in

the action vanish.[37] The above Lagrangian can be rewritten as:

LmSME =

√−g
2κ

(4)sµν
[
γα

µγ
β
ν
(4)Rαβ + nµnνnαnβ (4)Rαβ − 2γα

µnνnβ (4)Rαβ

]
, (6.4)

and by using the Gauss, Gauss-Codazzi, and Ricci equations, the Ricci tensor can be

decomposed to:

(4)Rµν = Rµν + nµKναaα − nνaµK−∇α (nαKµν + aνγµα)−

− 2n(µ
(

Dν)K− DαKν)α
)
+ nµnν

(
K2 − KαβKαβ +∇α (nαK + aα)

)
. (6.5)
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Gravitational Sector

By contracting the decomposed Ricci tensor with (4)sµν we can write down the fully

decomposed formulation of the gravitational sector (GR + minimal SME):

LEH+mSME =

√−g
2κ

{
R +(4) sµνRµν +

(
KµνKµν − K2) (1 +(4) sµνnµnν

)
+

+(4) sµν [nµaαK ν
α − nµaνK− 2KKµν − 2KναK ν

α ] +

+∇(4)
α sµν [γ

µαaν + nαKµν + 2nµ (γναK− Kνα)− nµnν (nαK + aα)]

}
, (6.6)

where Rµν and R are the Ricci tensor and scalar associated with the induced spatial

metric γµν, Kµν denotes the extrinsic curvature of the foliation. Moreover, we define

the acceleration vector aµ = Dµ ln N, where Dµ is the covariant derivative associated

with the induced spatial metric. General Relativity is recovered when (4)sµν → 0.

6.3 ADM coordinates

For simplicity we make the assumption that sαβ only has a 00-component, and that

∂αs00 = 0 in ADM coordinates. We also define λ′ = s00/N2. In this case, the total

Lagrange density (6.6) can be expressed as:

LEH+mSME = α
√

γ

[
R +

(
1− λ′

) (
KijKij − K2

)
+

2λ′

N2 KṄ − 2λ′

N

(
N j

N
K− aj

)
∂jN

]
.

(6.7)

The conjugate momenta associated to this Lagrangian are:

Πij
γ =
√

γ

[
λ′
(

Nk∂k ln N − Ṅ
N

)
γij

N
−
(
1− λ′

) (
Kij − Kγij

)]
,

Πi
Ni =0,

ΠN =
2
√

γλ′

N
K, (6.8)
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and we see that the inclusion of the SME term added a scalar momentum absent in

GR. The corresponding Hamiltonian density reads as:

H =
N√

γ(1− λ′)

(
(Πγ)ij (Πγ)

ij − 1
3

Π2
γ

)
−

− N2

3λ′
√

γ

(
ΠNΠγ −

N (1− λ′)

2λ′
Π2

N

)
+

+ ΠN Ni∂iα + 2 (Πγ)
ij DiNj − N

√
γR− 2λ′

√
γaj∂jN (6.9)

6.4 Discussion & Conclusions

Using standard tools in numerical relativity theory we have derived a 3+1 decompo-

sition of the minimal SME gravity Lagrangian in the isotropic limit, using a simple

form of the SME coefficient. We have also derived the associated conjugate momenta

and the corresponding Hamiltonian density in ADM coordinates. We make no lin-

earised gravity approximations, and thus this is an exact result. This complements

other exact studies of the SME [119]. Our results can be used in ongoing work on

identifying the dynamical degrees of freedom in the explicit symmetry breaking case

and matching to proposed models of quantum gravity.
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IN In this thesis I have explored aspects of Lorentz violation in a cosmological

context; since Lorentz and CPT symmetry are intimately connected, some of the

limits derived here also apply to the breaking of CPT symmetry. By using a combi-

nation of analytical and numerical work in the form of Markov-Chain Monte Carlo

methods I have been able to derive constraints on Lorentz symmetry and the stan-

dard cosmological parameters in several models; first through a modified geometry

scenario and later on using quantum gravity model candidates and effective field

theory.

The most important results contained in this thesis are:

• In the context of Doubly General Relativity, when the modified dispersion rela-

tion is taken to be that of a massless particle, the energy scale of Lorentz violation

can be constrained to be higher than ELV ∼ 1016 GeV at 1σ.

• In the quantum gravity model candidate known as Hořava-Lifshitz gravity,

when applied to a large cosmological data set and a Markov-Chain Monte

Carlo method, the curvature density Ωk was found to be non-zero at more than 1σ

(−3.30± 0.20) · 10−3. We also found bounds on the Hořava-Lifshitz parame-

ters σ1 and σ3, which enter the Lagrange density when Lorentz invariance is no

longer imposed. We found that σ1H2
0 = 4.073± 0.038 and log σ3H2

0 = 0.4+1.0
−1.7.

• Using available Hubble constant data in the context of Hořava-Lifshitz gravity,

the Hubble tension was considered as a preferred-frame effect. Then, using

available constraints on model parameters, it was found that Lorentz violation

may contribute up to 36% of the Hubble tension.

• Working in the gravitational sector of the Standard-Model Extension effective

field theory in the case of explicit symmetry breaking, the 3+1 formulation

of the Lagrangian was found; moreover, the full Hamiltonian and canonical

degrees of freedom were derived. It was found that the Standard-Model Ex-

tension has one additional scalar degree of freedom proportional to the coefficient for

Lorentz violation.
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7.1 Author’s Final Remarks

The open question on the nature of Quantum Gravity is clearly a weighty one, as it

has kept physicists busy for over five decades with no clear end in sight. A veritable

zoo of models and theories has been put forth and analysed over the years, giving us

no shortage of models to modify or test with data. In this thesis I have deliberately

remained agnostic about which, if any, of the candidate theories might prove to be

the correct one. Instead I have picked my favourite quantum-gravity signal candi-

date and explored it from several points of view, as explained in Chapter 1. Some

of these considerations are more general than others, starting with my formal work

on the gravitational sector of the Standard-Model Extension to the consideration of

specific phenomenological models like Doubly General Relativity. I have simply at-

tempted to shine a light on Lorentz violation from as many angles as possible during

these past four years, and I will continue doing so as I move to the next step in my

research career.

The natural direction in which to move is, in my opinion, towards the study of

gravitational waves. With the discovery of the binary black-hole merger GW150914,

the stakes for any modified theory of gravity were raised significantly, giving us

access to a truly strong-gravity environment for the first time and as such, many

new avenues for testing gravity. It is therefore natural that the next step in testing

Lorentz-violating gravity is in the nonlinear regime, for example gravitational-wave

generation and binary mergers. A new constraint on models of gravity would there-

fore have to be the very existence of black holes which are stable to perturbations,

and which can merge with an associated quadropolar gravitational-wave emission.

It is this direction that I will take my research after finishing this thesis, building

upon the gravitational sector of the Standard-Model Extension combined with ev-

erything else I have learnt during this journey.

I hope to find something interesting.
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IN order to estimate the values of the parameters present in Doubly General Rel-

ativity and Hořava-Lifshitz we used a large updated cosmological data set. The

data used includes expansion rates of elliptical and lenticular galaxies [191], Type Ia

Supernovae [192], Baryon Acoustic Oscillations [193–195], Cosmic Microwave Back-

ground [190] and priors on the Hubble parameter [196]. We used the parallelised

Markov-Chain Monte Carlo (MCMC) code developed in Mathematica and used in

many papers, for example [26, 241]. There are many cosmological MCMC codes

readily available, for example CosmoMC [242] and Monte Python [243], but the ad-

vantages of our code of choice is that it is easy to add new data, and it is also simple

to modify. Things such as the cosmological model, statistical method, and parame-

ters used can easily be changed. Moreover, thanks to the flexible way in which the

code is written, introducing more exotic models with varying c or G is also straight-

forward. Even though Mathematica code is generally slower than C or FORTRAN,

for example, the simplicity and transparency of the code makes up for this small

drawback.

All expressions below are written in the flat case (Ω0
k = 0) for simplicity. How-

ever, Ω0
k is left as a free parameter in the MCMC analysis, and thus all equations

extend to the more general case of [244].

With this in mind, the expression for the comoving distance is:

DM(z) =



DH√
Ωk

sinh
(√

Ωk
DC(z)

DH

)
for Ω0

k > 0

DC(z) for Ω0
k = 0

DH√
|Ω0

k |
sin
(√
|Ω0

k |
DC(z)

DH

)
for Ω0

k < 0 ,

(A.1)

where DH = c0/H0 is the Hubble distance, DC(z) = DH
∫ z

0 dz′/E(z′) is the line-of-

sight comoving distance, and E(z) = H(z)/H0. Also, luminosity distance (DL(z))

and angular diameter distance (DA(z)) are given by:

DL(z) = (1 + z)DM(z) , (A.2)

DA(z) =
DM(z)
1 + z

. (A.3)
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Hubble data

For Hubble parameter data, we use the compilation from [191], which is derived

from the evolution of elliptical and lenticular galaxies at redshifts 0 < z < 1.97. The

expression for χ2
H is:

χ2
H =

24

∑
i=1

(H(zi, θ)− Hobs(zi))
2

σ2
H(zi)

, (A.4)

where θ is a vector containing the parameters of the model, Hobs(zi) are the measured

values of the Hubble constant and σH(zi) are the corresponding observational errors.

We will also add a prior on the Hubble constant from [196], H0 = 69.6± 0.7 km s−1

Mpc−1.

Type Ia Supernovae

We made use of the updated JLA compilation (Joint Light-Curve Analysis) data for

Type Ia supernovae (SneIa) [192] at redshifts 0 < z < 1.39. In this case, the χ2
SN is:

χ2
SN = ∆µ · C−1

SN · ∆µ , (A.5)

where ∆µ = µtheo − µobs is the difference between theoretical and observational val-

ues of the distance modulus µ. CSN is the total covariance matrix. The distance

modulus is written as:

µ(z, θ) = 5 log10[DL(z, θ)]− αX1 + βC +MB . (A.6)

Here, X1 parametrises the shape of the supernova light-curve, C is the colour, and

MB is a nuisance parameter [192], which together with the weighting parameters α

and β are included in θ. DL is the luminosity distance which we write as:

DL(z, θ) =
1 + z

H0

∫ z

0

dz′

E(z′, θ)
. (A.7)

Here, and only in this Supernova analysis, we do specify H0 = 70 km/s Mpc−1 [192].
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Baryon Acoustic Oscillations

The total χ2 for Baryon Acoustic Oscillations is given by:

χ2
BAO = ∆F BAO · C−1

BAO · ∆F BAO , (A.8)

where F BAO is different from survey to survey. In this work, we used the WiggleZ

Dark Energy Survey with redshifts z = {0.44, 0.6, 0.73} [193]. For this analysis the

acoustic parameter and the Alcock-Paczynski distortion parameter are of interest.

The acoustic parameter is defined as follows:

A(z, θ) = 100
√

Ω0
m h2 DV(z, θ)

z
, (A.9)

and the Alcock-Paczynski parameter is:

F(z, θ) = (1 + z)DA(z, θ) H(z, θ) , (A.10)

where DA is the angular diameter distance, which is Eq. (A.3) in the case of Ω0
k = 0:

DA(z, θ) =
1

H0

1
1 + z

∫ z

0

dz′

E(z′, θ)
, (A.11)

and DV is the geometric mean of the physical angular diameter distance DA and the

Hubble function H(z). It reads as:

DV(z, θ) =

[
(1 + z)2D2

A(z, θ)
z

H(z, θ)

]1/3

. (A.12)

Included in the Baryon Acoustic Oscillation analysis is also data from Sloan Digi-

tal Sky Survey (SDSS-III) Baryon Oscillation Spectroscopic Survey (BOSS) DR12 [194].

It can be written as:

DM(z)
rmod

s (zd)

rs(zd)
and H(z)

rs(zd)

rmod
s (zd)

(A.13)

Here, rs(zd) represents the sound horizon at the dragging redshift zd. rmod
s (zd) is the

same horizon, but evaluated for the given cosmological model. Here, it is used that

rmod
s (zd) = 147.78 Mpc as in [194]. A good approximation of the sound horizon can
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be found in [245]:

zd =
1291(Ω0

m h2)0.251

1 + 0.659(Ω0
m h2)0.828

[
1 + b1(Ω0

b h2)b2
]

, (A.14)

where

b1 = 0.313(Ω0
m h2)−0.419

[
1 + 0.607(Ω0

m h2)0.6748
]

,

b2 = 0.238(Ω0
m h2)0.223. (A.15)

The sound horizon rs can then be defined as:

rs(z, θ) =
∫ ∞

z

cs(z′)
H(z′, θ)

dz′ , (A.16)

and the sound speed is given by:

cs(z) =
1√

3(1 + Rb (1 + z)−1)
, (A.17)

and

Rb = 31500Ω0
b h2 (TCMB/2.7)−4 , (A.18)

with TCMB = 2.726 K.

Ending the Baryon Acoustic Oscillation analysis, considered data from the Quasar-

Lyman α Forest from Sloan Digital Sky Survey - Baryon Oscillation Spectroscopic

Survey DR11 [195]:

DA(z = 2.36)
rs(zd)

= 10.8± 0.4 , (A.19)

1
H(z = 2.36)rs(zd)

= 9.0± 0.3 . (A.20)

With the contributions mentioned throughout this section, the total χ2 for Baryon

Acoustic Oscillations will be χ2
BAO = χ2

WiggleZ + χ2
BOSS + χ2

Lyman.
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Cosmic Microwave Background

In this analysis, we write the χ2 for the Cosmic Microwave Background (CMB) in

the following way:

χ2
CMB = ∆FCMB · C−1

CMB · ∆FCMB . (A.21)

Here, FCMB is a vector quantity given in [246], which summarises the information

available in the full power spectrum of the Cosmic Microwave Background from the

2015 Planck data release [190]. FCMB contains the Cosmic Microwave Background

shift parameters and the baryonic density parameter. The shift parameters are:

R(θ) ≡
√

Ω0
mH2

0r(z∗, θ)

la(θ) ≡ π
r(z∗, θ)

rs(z∗, θ)
, (A.22)

whereas the baryonic density parameter is simply Ω0
b h2. As mentioned before, rs is

the comoving sound horizon at the photon-decoupling redshift z∗, which is given

by [247]:

z∗ = 1048
[
1 + 0.00124(Ω0

bh2)−0.738] (1 + g1(Ω0
mh2)g2

)
, (A.23)

with:

g1 =
0.0783(Ω0

bh2)−0.238

1 + 39.5(Ω0
bh2)−0.763

, (A.24)

g2 =
0.560

1 + 21.1(Ω0
bh2)1.81

; (A.25)

and r is the comoving distance:

r(z, θb) =
1

H0

∫ z

0

dz′

E(z′, θ)
dz′ . (A.26)

All the methods mentioned above all contribute to the total χ2, and the function

to minimise is: χ2
tot = χ2

H0
+ χ2

H + χ2
SN + χ2

WiggleZ + χ2
BOSS + χ2

Lyman + χ2
CMB.
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[167] Emmanuel N. Saridakis. Hořava-Lifshitz Dark Energy. Eur. Phys. J. C67 (2010),

pp. 229–235. DOI: 10.1140/epjc/s10052-010-1294-6.

[168] Robert Brandenberger. Matter Bounce in Hořava-Lifshitz Cosmology. Phys.
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Lifshitz cosmology. JCAP 1001 (2010), p. 013. DOI: 10.1088/1475-7516/2010/

01/013.
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